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3 Absolute value of a complex number, 833 
! Absolutely integrable, 788, 793 

Acceleration: 
centripetal, 493 
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of vectors, 329-330, 336 
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Age of a fossil, 78-79 
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Aging spring equation, solution of, 294 
Agnew, Ralph Palmer, 30, 129 
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linear, 27, 44, 85 
nonlinear, 27, 44, 94 
projectile motion with, 208, 265 
projectile motion with no, 208, 264 
proportional to square of velocity, 27, 

44, 94 
proportional to velocity, 24, 44, 85-86 
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Airy functions of the first and second 

kind, APP-5 
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definition of, 160, 276 

· solution as power series, 275-277 
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301 
various forms of, 276-277 

Allee, Warder Clyde, 93 
Allee effect, 93 

Aliasing, 806-807 
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theorem, 237-238 
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time varying, 731, 764 
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criterion for, 848 
definition of, 845 
derivatives of, 881 
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criterion for, 848 
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Annular domain, 899 
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of a complex function, 876 
definition of, 876 
existence of, 877 
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air resistance, 24, 27, 43, 81-82, 90, 

264-265 
Allee effect, 93 
bacterial growth, 77 
ballistic pendulum. 200 
bending of a circular plate, 151-152 
buckling of a tapered column, 289 
buckling of a thin vertical column, 
176-177, 180-181 
cantilever beam, 173-174 
carbon-dating, 78 
catenary, I 96 
caught eduw,' , 91-92 
chemical reacuons, . 
column bending under its own 
weight, 302 

com · eting species of animal 
,99-100.6ss 
continuous compound ir 
cooling fin, 302 IDIC!cst, 21. 83 
cooling/warming, 21, 79-.g 9 
coupled ; s% /'>80,85 

spring/mass systen 202 
260-261 m, -203, 

cycloid, I 06 
damped motion, 182 
deflection ofa beam, 173-174, 176 

double pendulum, 262 
double spring systems, 160 
draining a tank. 23. 26 
electrical networks, 100-101, 103, 

261, 264 
electrical series circuits, 23, 81, 167, 
. 250-251 

_ emigration, 90 
evaporating raindrop, 29, 86 
evaporation, 95 
falling bodies with air resistance, 24, 
27, 44, 85-86 
falling bodies with no air resistance, 
23-24,85 

falling chain, 67--68 
floating barrel, 27 
fluctuating population, 29 
forgetfulness, 28 
growth of microorganisms in a 
chemostat, 668 

banging chain. 51 
bard spring, 194 
harvesting, 90 

• heart pacemaker, 61. 86 
hitting bo1tom. 97 · · 
bole drilled through th<!' Earth, 28 
immigration, 90, 96 
infusion of a drug. 28 
leaking tanks, 94 
linear spring, I 93 
lifting a heavy rope. 32 
logistic population growth, 88-91 
marine toads, invasion of, 108-109 

memorization. 28 
mixtures, 22, 26, 80 

%awoas, 10-,, po 
nonlinear spr& 4g 199,661-662 

nl·nc:ar peodululD, ,,.., ' 08 
nor lit .y,. 5f curves, 107-1 

orthogonal families 
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Applications of differential 
equations:- (Cont.) 

oscillating chain, 768 
Ouzi (the Iceman), 105-106 
Paris guns. 211-214 
pendulum of varying length, 303 
population dynamics, 20 
potassium-argon dating. 79, 102 
potassium-40 decay, 101 
predator--prey, 98--99, 663-664 
projectile motion, 208, 211-214, 

26-4- 265 
pulsating sphere. 786 · 
pursuit curves, 200 
radioactive decay. 21, 77--79, 83-84, 

97-98, 101-102 
reflecting surface, 29 
restocking. 90 
rocket motion. 28, 86. 197 
rope pulled upward by a constant 
force, 32, 197--198 

rotating fluid. shape of a, 29 
rotating pendulum, 676--677 
rotating rod. sliding bead on a, 210 
rotating shaft, 182 
rotating string, 177--178, 181 
sawing wood, 95 
series circuit, 81, 166--167 
Shroud of Turin. 83 
sinking in water, 27 
skydiving, 95 
sliding bead, 210, 662 
sliding box on an inclined plane, 87 . 
snowplow problem, 30 
soft spring, 194 
solar collector, 94 
spread of a disease, 21 
spring coupled pendulums, 265 
spring/mass systems, 27, 156--166, 

209-211, 260-261 
spring pendulum. 21 I 
streamlines, 68 
suspended cables and telephone wires, 

24-25, 196 
telephone wires, 196 
temperature in an annular cooling 
fin, 302 

temperature in a circular cylinder, 
765-767 

temperature in a circular plate, 757 
temperature between concentric 

cylinders, 151 
temperature between concentric 

spheres, 181, 77 
temperature in a quarter-circular plate, 

760 
temperature in a ring, 181 
temperature in a semiannular plate, 761 
temperature in a semicircular plate, 759 

temperature in a sphere, 181, 770, 
771 

temperature in a wedge-shaped plate, 
760 

terminal velocity, 44, 85, 94 
time of death, 84 
tractrix, 28 
tsunami, 95 
variable mass, 27--28, 197 
vibrating beam, 734, 750 
vibrating string. 728-731 
water clock, 106-107 

Aquatic food chain, 482 
Arc. 641 
Arc length as a parameter, 491 
Archimedes of Syracuse, 27 
Archimedes' principle, 27 
Area: 

of a parallelogram, 349 
of a surface, 560 
of a triangle, 349 

Arca as a double integral, 541, 552, 560 
Argument of a complex number: 

definition of, 835 
principal, 835 
properties of, 835 

Arithmetic modulo 2, 470 
Arithmetic of power series, 273 
Associated homogeneous equation, 113 
Associated homogeneous system, 605 
Associated Legendre differential 

equation, 303 
Associated Legendre functions, 303 
Associative laws: 
of complex numbers, 832 
of matrix addition, 377 
of matrix multiplication, 378 

Asymptotically stable critical point, 40, 
653,655 

Attractor, 40, 610, 651 
Augmented matrix: 

definition of, 387 
elementary row operations on, 

387-388 
in reduced row-echelon form, 388 
in row-echelon form, 388 
row equivalent, 388 

Autonomous differential equation: 
critical points for, 37 
definition of, 37, 155 
direction field for, 41 
first-order, 37 
second-order, 155, 661 
translation property for, 41 

Autonomous system of differential 
equations: 

column vector form of, 640 
definition of, 639 
row vector form of, 640 

ousts0am gt 

Auxiliary equation: 
for a Cauchy-Euler equation, 146 
for a linear equation with constant 
coeOicients, 125, 127 

rational roots of, 128 
repeated complex roots of, 128 
roots of, 126, 146-148 

Axis of symmetry of a beam, 173 

r 

B 
Back substitution, 386 
Backward difference, 323 
Bacterial growth, 77 
Balancing chemical equations, 391--392 
Ballistic pendulum, 200 
Banded matrix, 817 
Band-limited signals, 807 
Bashforth, Francis, 316 
Basis of a vector space: 
definition of, 362 

standard, 362--363 
BC, 112 
Beams: 

axis of symmetry, 173 
cantilever, 174 
clamped, 174 
deflection curve of, 173 
elastic curve of, 173 
embedded, 174 
free, 174 
flexural rigidity of, 174 
'simply supported, 174 
static deflection of a homogeneous 

beam, 173-174, 239--240 
use of the Laplace transform, 239-240 

Beats, 172 
Bell curve, 777 
Bending of a circular plate, 151 
Bending of a thin column, 181, 302 
Bendix son negative criterion, 669 
Bernoulli, Jacob, 70 
Bernoulli's differential equation: 

definition of, 70 
solution of, 70 

Bessel, Friedrich Wilhelm, 290 
Bessel function(s); 
aging spring and, 294 
differential equations solvable in terms 

of, 292-294 
differential recurrence relations for, 296 
of the first kind, 29 1 
graphs of, 291, 292, 293, 298 
of half-integral order, 296-297 
modified of the first kind, 293 
modified of the second kind, 293 
numerical values of, 295 • 
of order 7, 291 
of order 3, 296-297 
of order =±, 297 



orthogonal set of, 705 
properties of, 295 
,-ccurrcm.:e relation for, 30 I 
of the second kind, 292 
spherical, 297--298 
eros of, 295 

gessel series, 707' 
J3esscl's differential equation: 
general solution of, 291, 292 
modified of order v, 293 
of order v, 292 
parametric form of, 292 
parametric fonn of modified equation, 

293 
series solution of, 290-291 

· Beta function: 
1 definition of, APP-4 

expressed in terms of the gamma 
function, APP-4 

Biharmonic function. 933 
Binary string of length n, 470 
Binormal. 499 
Bits, 470 
Boundary conditions (BC): 

homogeneous, 189, 702· 
mixed, 702 
nonhomogeneous, 702 
for an ordinary differential equation, 

112, 175,189,702 
for a partial differential equaiion, 

723-724 
periodic, 182 
separated, 702 
time dependent, 741-742 
time independent, 739-741 

Boundary points, 815,840 
Boundary of a set, 840. 
Boundary-value problem (BVP): 
in cylindrical coordinates, 762 
deflection of a beam, 173-175 
eigenfunctions for, 175-176, I 80, 701 
eigenvalues for, 175-176, 701 
the Euler load, 177 

. homogeneous, 175 
nonhomogeneous, 175, 189, 739 
nontrivial solutions of, 175 

· numerical methods for OD Es, 322-325 
numerical methods for PDEs, 815, 

820,825 
for an ordinary differential equation, 

I 12, 173-178, 702 
for a partial differential equation, 720, 

723--724, 725-726, 728, 734, 739. 
751, 757-759, 769--770 

with periodic boundary conditions, 
182,702,704 

in polar coordinates, 757 
in rectangular coordinates, 720 
regular, 702 

c,,------2 
""8String, 177-17g ""··es? 
second-order, 112, 175 
singular, 704 " 
in spherical coo ct· 
t . r inates, 769 wo point, 112 ' 3-770 

Bounding theorem f • 
867-86g '9f contour integrals, 

Branch of the complex lo . . 
Branch cut, 855 ganthm. 854 
Branch point, 889 
Branch poi it ·f In O an electrical · I 00, 390 network, 

Broughton su · 
B 

. spens1on bridge, 732 
ucklmg modes, 177 

Buckling of at :d '5 lapere column, 289 
Bucklmg of th" · a in vertical column 176 

180--181 " 
Buoyant force, 27 
BVP, 112 

C 
Calculation of order h", 308 
Cambridge hal_f-life of C-14, 78 
Cantilever beam, 174 
Capacitance, 23 
Carbon dating, 78-79 
Carrying capacity, 88 
Cartesian coordinates, 334-335 
Cartesian equation of a plane, 354 
Catenary, 196 

• Cauchy, Augustin-Louis, 145 
Cauchy-Euler difTerential equation: 

auxiliary equation for, 146 
definition of, 145 
general solutions of, 146-148 
generalization of, 149 
method of solution, 146-148 
reduction LO constant coefficients, 149 
regular singular point of, 283 

Cauchy-Goursat theorem. 871 
Cauchy-Goursat_theorem for multiply 

connected domains, 872 
Cauchy principal value of an 

integral, 915 
Cauchy-Riemann equations, 846 
Cauchy-Schwan inequality, 345 
Cauchy's inequality, 883 
Cauchy's integral formula. 879 
Cauchy's integral formula for 

derivatives, 881 
· Cauchy's residue theorem. 911 
Cauchy's theorem, 870 
caught pendulum, 211 
Cavalieri, Bonaven1Ura. 211 
Cayley, Arthur, 358, 374 
Cayley--Hamilton theoreft 433 
Center: 

as a critical point, 649 
of curvature, 502 

Of mass, 545, 573 
Of a power s&er 

Central a, ""®s. 892 
• ercncc· • 

ap; .:. proximation for ± 
812.820,9y,'®@iamises, 323, 
definition of, 323 

Central force, 497 
Centripe,] Pa1 accelerafj 
Centroid, 545 ion, 494 
Cha.in Rule, 844 
Ch
. • .APP-JO 
am Rule of · . 

ca a& ,,""®' aoa sos 
Ch 

cctor funct1nn, 4'•. 
ange of scale the ... ..., 7IJ 

Cha orem, 224 
ange of variables: 
in a definite integral, 587- 5%9 
in a double integral. 551,588. 
m a triple integral, 592 

Characteristic equation of a m . . 
Chara.ct . . atnx. eristic values of a matrix, 47< 
Characteristic vector; of a matux. 
Chebyshev, Pafnuty, 305 
Chebyshev polynomials. 305 
_Chebyshev's differential equation. 

305, 713 
Chemical equations. balancing of, 

391-392 
Chemical messages, 786-787 
Chemical reactions: 

first-ordi:r. 21-22 
second-order, 22, 44, 52, 91-92 

Chemostat. 668 
Cholesky, Andre-Louis, 465 
Cholesky's melhod. 465 
Christo!Tcl, Elwin Bruno. 939 
Circle: 

in complex plane. 839 
of convergence, 892 
of curvature, 502 

Circle-preserving property, 934 
Circuits, differential equ. 

166-167, 241. 852 
Circular helix, 487 
Circulation. 868 
Circulation of a vector field. 529 
Clamped end conditions of a beam 
Classification of different:.±± <JU 

by linearity, 5 
by order, 4- 5 
by type, 3 

Classification of linear partial di 
equations by type, 719 

Classifying critical points. 40. o,:, 
657 

Clepsydra, 106 
Clockwise (negative) direction on 3 

simple closed curve, 554 
Closed curve, 523, 535 
Closed disk, 84 
Closed region in the complex plane, 
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Closure axioms ofa vector space, 361 
C,[a, b] vector space, 361 
Code, 470 
Code word, 470 
Coefficient matrix, 392 
Codlicients of variables in a linear 

system, 384 
Cofactor(s): 

definition of, 401--402 
expansion of a determinant by. 

401-40-4 
a property of, 410 

Coil spring, 168 
Column bending under its own weight. 302 · 
Column vector, 375, 396 
Column vector form of an autonomous 

system, 640 · 
Commutative laws of complex numbers, 

832 
Commutator, 483 
Compartmental analysis, 479 
Compartmental models, 479 
Compatibility condition, 739 
Competition models, 99-100. 103. 665 
Competitive interaction, 665 
Complementary error function: 

definition of, 58, 777, APP-2 · :.;;_: . i graph of. 777 
,~'. • 1 Complementary function: -., l for a linear differential equation. l 18 ;:Ji: ,_ •i for a system of linear differential 
equations. 605. 623 

Complete set of functions. 684 · 
Completing the square, 233 ! Complex conjugate, 832 

1 Complex eigenvalues of a matrix, 429 
· ~ Complex form of Fourier integral, 790 
.' Complex form of Fourier series, 698 

Complex function: 
analytic, 845, 851, 855, 857 
continuous,843,844 
definition of, 841 
derivative of, 844 
differentiable, 843-844 
domain of, 841 
entire, 845,851, 857 
exponential, 851 
fundamental region, 852 
hyp<!rbolic, 858 · 
inverse hyperbolic. 861 
inverse trigonometric, 860 
limit of, 843 
logarithmic, 853 
as a mapping, 841, 923 
periodic, 852, 859 
polynomial, 843 
power, 855 
range of, 841 
rational, 843 

as a source of hannonic functions, 849 
as a transformation, 841 
trigonometric, 857 
as a two-dimensional fluid llow, 842 

Complex impedance, 853 
Complex integral, 865 
Complex line integrals: 

definition of, 865 
evaluation of, 866, 872, 876 
propcnics of, 866--867 

Complex number(s): 
absolute value of, 833 
addition of, 831 
argument of. 835 
associative laws for, 832 
commutative laws for, 832 
complex powers of, 855 
conjugate of a, 437, 832 
definition of, 437, 831 

. distributive law for, 832 
division of, 831,835 
equality of, 831 
geometric interpretation of, 833 
imaginary part of, 831 
imaginary unit, 831 
integer powers of, 836 
logarithm of, 853 
magnitude of, 437 
modulus of, 833 
multi plication of, 831, 835 
polar form of, 834-835 
principal argument of, 835 
principal nth root of, 837 
pure imaginary, 83 1 
real part of, 83 I 
roots of a, 836-837 
subtraction of, 831 
triangle inequality for, 833 
vector interpretation, 833 

Complex plane: 
definition of, 833 
imaginary axis of, 833 
real axis of, 833 
sets in, 839-840 

Complex potential, 948 
Complex powers: 

of a complex number, 855 
principal value of, 855 

Complex sequence, 889 
Complex series, 889--890 
.Complex vector space, 360 
Complex velocity potential, 949 
Component of a vector on another 

vector, 342 
Components of a vector, 330, 332, 336 
Conformal mapping, 927 
Conformal mapping and the Dirichlet 

problem, 929 
Conformal mappings, table Of, APP-17 

Conjugate of a complex number, 429, 832 
Conjugate complex roots, 126, 147--148, 

429,615 
Connected region, 534, 840 
Conservation of energy, 540 
Conservative force field, 540 
Conservative vector field: 

definition of, 532, 948 
potential function for, 532, 537, 948 
test for, 536, 538, 569 

Consistent system of linear equations, 384 
Constant rules of differentiation, 844, 

APP-IO 
Constants of a linear system, 384 
Constructing an orthogonal basis: 
for R?, 367 . 
for R, 368 
for R", 369 

Coritiriuing i11.1merical method, 3 I 6 
Continuity of a complex function, 843 
Continuity equation, 585-586 
Continuity of a vector function, 488 
Continuous compound interest, 83 

. Contour: 
definition of, 865 
indented, 91 7 

Contour integral: 
bounding theorccn for, 867--868 
definition of, 865 
evaluation of, 865-866, 871. 872 
fundamental thcoren, r g: 
d ftl ,or, 76 

jn ependcnt o le P.:ith 
for the inverse I-apj 1, 874- 875, 876 
properties or, 867 'ce transform, 792 

contOUrplot, 68 
convergence: 

of @ complex $Ph,,_... 
of @ complex sc4u,,"€ series, 890 
of @ complex serk4, e, 889 
or@ Fouer interj ®90.-892 
of a Fourier sen ll, '5 788 
f :i Fo . r 13csi.~I ~8 o une - ~ 

sf ? Fourier-Le#Sn,,'ries, 709 
at®impronef ]",® series, 711 
,f9 Dower ser}' 25'9l, 217 
y®gent impro,, 881 

C",yolion, prop\#,''tegra1, 217 Co? ' «al > ,Nation inte#" '»3 0f, 246--247 CO' la. seoreh,R, co ion ra,,]' >798, 808-809 (or \e Fourie ' 
808- go9 ,s rm, 79g 
,'Se formh a, " 
or ® aplae 9, > 
re ora ca,,,',, 

c""foe s%, «corf,,'}y', 37 
C9jg ana war"" ',' , co"p's 4N"3.302 e piae{ "on's 1aw or, 
co,d\a, or a "", co' ·s 
~ l-it,336 



.linates of a vector relative to a 
basis, 363 
.dinates of a vector relative to an 
orthonormal basis, 366 
~mar vectors, 350 
...inar vectors, criterion for 350 • ne mtcgral function, APP-5 
sine series, 692 
-inc series in two variables, 753 
alomb (C), 23 
ulomb's law, 565 
interclockwise (positive) direction on 

11 simple closed curve, 554 
1pled pendulums, 265 
Jpled spring/mass system, 202-203 
;pied systems, 621 
er-up method, 230 
mer, Gabriel, 422 
nmer's rule, 423 

1k,John,822 
rank-Nicolson method, 822-823 
terion for an exact differential, 62 
4ical loads, 177 

r:itical points of an autonomous 
first-order differential equation: 

asymptotically stable, 40 
attractor, 40 
definition of, 37 
isolated, 43 
rcpellcr, 40 
semi-stable, 40 
unstable, 40 
--itical points for autonomous linear 

systems: 
auractor, 6 IO 
center, 649 
classifying, 650 
definition of, 641 
degenerate stable node, 648-649 _ 
degenerate unstable node, 648-649 
locally stable, 645 
repeller, 610 
saddle point, 647 
stable node, 647 
stable spirnl point, 649 
stability criteria for, 651 
unstable, 645 
unstable node, 647 
unstable spiral point, 649 
,ttical points for plane autonomous 

systems: 
asymptotically stable, 653 
classifying, 657 
stability criteria for, 656 
stable, 653 
unstable, 653 - 

"ritical speeds, 181-182 
"ritically damped electrical circuit, 166 
,ucally damped spring/mass system, 161 

23u€: 
cosspr'4cfo{ ,,_ <?38 as",,, ,"; ss or}' 'ormo" 5 
",'., cri,,,, 34- 
as ao [de of nmagnit ,348 47 

• j cs <lf 346--:,,,- · 
proper-- • tt:l (es'ro ®@lier sec° ". 33 

(so. 936 
Cross-r? .,ton p, 1655 
Crout, pre ·•4 
Crout's rracod, 465 
Cryptography, 466 
Curl of' a vector field? 

detinitvi <on of, 519 4sa matrix product. 382 
phys iczol interpretatii ® of,521, 

569- 570 
Curvature=, 498, 501 
Curve integral, 523 
Curves: 

closed. 523 
defined by anexpli= it funai. 52f3 
great ci .rcles, 579 
of intersection, 488 
parallel _ 579 
parame: tric, 487 
piccew i. se smooth, S5 123 
positiv~ direction ora, 523 
simple c:losed, 523 
smooth, 523 

Curvilinea..r motion in «he plane, 4-94- 
Cycle of a plane autonc::>moussystem. 6-41 
Cycloid, 1 O6 
Cylinder functions, 7 G> 
Cylindric=ail coordinates; 

conversion to rectan_gular coordin.ac~s. 
515 . 

deliniti e>n of, 575 
Laplaci an in. 765 
triple in \:cgrals in, .S7 6 

Cylindrica.I wedge, 57% 

Den au O 11, method of, 448 
Den,ion of a cantilever· 
Dene tiOO curve Of a beam,., 
,-;o «fvemicl» 
Dtrort11ati011 of contoun 
Dey»,re rate nodes: 

stable, 648-649 
unstable, 648-6-49 

Del 0perator, 508--W} 
Dcnr. i t)'·depcndcnt hyj)( 
Dee r dent variables, 503 
Der-vative of a comple» 
of e,0mple11. cxponentii. 
of complex hyperbolic 
of complex invere 
functions. 858 

of ·- --·- ··' 
functions, 861 

of · '·: , ... -- 
of complex 
definition of, SM 
of integer powers of· 
ru 1 cs for, 844 · 

Derivative or a I 

Dcri vative of· 

D 
D'Alcmbert. Jcan-BapL-istc JcRond 734 
D'Alcrnberl's solution. 734 
Da Vinci. I.....eonardo, 1> 
Damped a rnplitudc, I 63 
Damped ~otion,24, 151-164 
Damping. linear, 733 
Damping c:constant, 16 t 
Damping factor, 161 
Daphnia. 89 
Daughter i. sotopc, 10 l 
DE,3 
DcMoivre, Abraham, 23.36 
De Moivre's formula, 2336 
Decay. radioactive, 2 l 
Decay constant. 78 
Decoding a message. ~ 70-471 
Definite iintegral, defiraition of, 523 . 

Derivative and integr.tl · 
APP-II 

Dcri vative of a'.. 
Dcri vative of real functi, 
Dcri vative of a, ·.:'!1 : '.' 

APP-10 
Derivative of ve:::' 

of, 489 
Descartes, Rene, 13 
Detenninant(s): 
oC a 3 x 3 matrix. 401 

, of' a 2 X 2 matri.'I., 401 
cofactors of, 401-402 
definition of, 400 
evaluating by row r · ' 
ex pan sion by ·· · •· 
of a r,..,.,, .. : .. ·· 
minor of, 402 
or order n, 401 
as a product of eig 
properties of, 406-408 

• of a transpose, 406 
of a triangular matrix, 
with two identical r 

Diagonal matrix, 380, 
Diagonalizability: 
cri tcrion for, 453,455 
sufficient condition for 

Diagonaliiable matrix: • 
definition of, 452 
orthogonally, 455 

Diagonalization, solu1ior 
s ystcni of DEs by 
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Difference equation replacement: 
for heat equation, 820-821 
for Laplace's equation, 815 
for a second-order ODE, 323-324 
for wave equation, 825-826 

Di!Tcrence quotients, 323 
Differentiable at a point, 844 
Differential: 

· of arc length, 524, 525 
exact, 62 
form of a first-order ODE, 4 
of a function of several variables, 62 
nth-order operator, I13 
operator, I13 
recurrence relation, 296 
of surface area, 561 

Differential equation (ordinary): 
Airy's, 276. 279. 295, 301 
associated Legendre's, 303 
autonomous, 37, 155, 655-657 
Bernoulli's, 70 
Bessel's, 290 
Cauchy--Euler, 145 
Chebyshev's, 305 
with constant coefficients, 125, 127, 132 
definitions and terminology, 3 
differential form of, 4 
Duffing's, 199 
exact, 62 
explicit solution of, 7 
families of solutions of. 8 
first-order, 5, 53 
first-order with homogeneous 

coefficients, 69 
general form of, 4 
general solution of, 10, 55, 117, 118, 

125-126, 146-148, 
Gompertz, 9 1 
Hermite's, 305, 707 
higher-order, 127, 143 
homogeneous, 53, 68-69, I 13, 125, 145 

piecewise linear, 57 
with polynomial coefficients, 274-275, 

282 
Riccati's, 72 
sccoml-order, 5, 122, 125-127, 

140--141, 145-148 
self-adjoint form of, 704-705 
separable, 44- 45 
singular points of, 56, 274 
singular solution of, 9 
solution of, 6-7 
standard form of a linear, 53, 123, 140 
substitutions in, 68 
superposition principles for linear, 

114, 119 
system of, 9, 97, 202-203, 259-260 
Van der Pol's, 672, 673 
with variable coefficients, 145,271, 

274, 279, 281-282, 290 
written as a first-order system, 

318-320 
Differential equation (partial): · 

classification of linear second-order, 
719 

definition of, 3 
diffusion, 507, 725 
heat, 721-722, 725-727, 762 
homogeneous lineai- second-order, 717 
Laplace's, 507, 508, 722-724, 

735-738 
linear second-order, 717 

implicit solution of, 7 
Laguerre's, 305, 706 
Legendre's, 290, 298 
linear first-order, 5, 53 
linear second-order, 5 
as a mathematical model, 19-20 
modified Bessel's, 292-293 
nonhomogeneous, 53, 113, 118 
nonlinear, 5, 88, 152--154, 193--198 
with nonpolynomial coefficients, 279 
normal form of, 5 
notation for, 4 
order of, 4 
ordinary, 3 
ordinary point of, 274 
parametric Bessel, 292 
parametric modified Bessel, 293 
particular solution of, 8, 54, 118 

Direction vector of a line, 352 . 
Directional derivative: 

computing, 510 
definition of, 509 
for functions of three variables, S 11 
for functions of two variables, 509--5 o 
maximum values of, 511-512 

Dirichlet, Johann Peter Gustav Lejeune, 
736 

nonhomogeneous linear second-order, 
717 

order of, 4 
Poisson's, 746 
separable, 717-718 
solution of, 717 
superposition principle for 
homogeneous linear, 718 

time dependent, 741 
time independent, 739 
wave, 507, 722, 728-732, 762 

Differential form, 4, 62 
Differential operator: 
linearity property of, 113 
nth order, 113 

Differential recurrence relation, 296 
Differentiation of vector functions, 

rules of, 490 
Diffusion equation, 507, 721-722 
Dimension of a vector space, 363, 364 
Dirac, Paul Adrien Maurice, 257 

· Dirac delta function: 
definition of, 257, 258 
Laplace transform of, 257 

Direction angles, 341 
Direction cosines, 341 
Direction field, 35, 41 
Direction numbers of a line, 352 

Dirichlet condition, 723 
Dirichlet problem: 

for a circular plate, 757 
fora cylinder, 765-767, 769 
definition of, 736-737, 816, 929 
exterior, 761 
harmonic functions and, 929 
for a planar region, 816 
for a rectangular region, 734, 736, 
for a semicircular plate, 759--760 
solving using conformal mapping, 
for a sphere, 770 
superposition principle for, 737 

Disconnected region, 534 
Discontinuous coefficients, 57 
Discrete compartmental models, 4z 
Discrete Fourier transform, 802-? 
Discrete signal, 803 
Discretization error, 308 
Distance formula, 335 
Distance from a point to a line, 3 
Distributions, theory of, 258 
Distributive law: 

for complex. numbers, 832 
for matrices, 378' 

Divergence theorem, 582 
Divergence of a vector field: 

definition of, 520 
physical interpretation of, 521, 

Divergent improper integral, 217 
Division of two complex numb 

835 
Domain: 

of a complex. function, 841 
in the complex. plane, 840 
of a function, 7 
of a function of two variat 
of a solution of an ODIE, 6% 

Dominant eigenvalue, 444 44 
Dominant eigenvector, 445 
Doolittle, Myrick H .• 461 
Doolittle's method, 461-462 
Dot notation for differentiati, 
Dot product: 

component form of, 339 
definition of, 339, 340 
properties of, 339 
in terms of matrices, 438 
as work, 343 

Double cosine series, 753 

4 



values, 759 
_ral: 
a region, 541, 552 
a surface, 560 
variables, 551 
of, 541 
1 of, 543-544 
2d integral, 542 
ordinates, 549 
, of, 542 
the order of integration in, 544 
2, 542 
'ulum, 262 
series, 753 

&ng systems, 160 
ected domain, 870 

.orientation of a surface, 563 

:ient, 24, 212 
.24,212 
tank, 23, 26 
on: 
ing, 163-164 
lamping, 165 
ction, 59, 156 
,89 
nination, model for, 86 
'on, 28 
nmand, 130 
erg, 199 

differential equation, 199 
ve criterion, 670 

'. system: 
of, 25, 640 
of, 640 

.640 

states of, 479, 481 
spring constant, 160 
weight, 497 
.ions: 
dary-value problem, 176 
.n-Liouvillc problem, 
705 
;s of a boundary-value 
'cm, 176, 701-702 
es of a matrix: 
imation of, 444 
.':X, 429,615 
.)n of, 425, 607-608 
Agonal matrix, 432 
,.-real, 608 

1t, 444 445 
«erse matrix, 43l 
plicity m, 611 
iplicity three, 614 

'tiplicity two, 611 
;I, 6 l 3 

of a singular matrix, 430 
of a symmetric matrix, 437, 612 

. of a triangular matrix, 432 
Eigenvector(s) of a matrix: 
complex, 429-430 
definition of, 425, 608 
dominant, 445 
of an inverse matrix, 43 I 
orthogonal, 438 

Elastic curve, 173 
Electrical circuits, 23, 78, 96, 98-99, 

166-167,250-251 
Electrical networks, 100,261,264 
Electrical vibrations: 

critically damped, 166 
forced, 166 
free, 166 
overdamped, 166 
simple harmonic, l 66 
underdamped, 166 

Elementary functions, I 0 
Elementary matrix, 395 
Elementary operations for solving linear 

~ systems, 387 
Elementary row operations on a matrix: 

definition of, 387--388 
notation for, 388 

Elimination method(s): 
for a system of algebraic equations, 

385-386,388-390 
for a system of ordinary differential 
equations, 203-205 

Elliptic partial differential equation, 719 
Elliptical helix, 488 
Embedded end conditions of a beam. 

174,734 
· Empirical laws of heat conduction, 721 
Encoding a message, 470 
Encoding a message in the Hamming 

(7,4) code, 471 
Entire function, 845 
Entries in a matrix, 375 
Epidemics, 21, 90, 1 03 
Equality of complex numbers. 831 
Equality of matrices, 376 
Equality of vectors, 329, 330, 336 
Equation of continuity, 585-586 
Equation of motion, 157--158 
Equilibrium point, 37 
Equilibrium position of a spring/mass 
system, 157 

Equilihriurn solution, 37, 6-41 
Equipotential curves, 850 
Error(s): 
absolute. 75 
discretization, 307 
formula, 307 
global truncation, 309 
Jocal truncation. 308 

percentage relative, 75 
relative, 75 
round-off. 307 
sum of square, 476 

Error function: 
definition of, 58. 777• APP-., 
graph of, m _ - 

Error-correcting code, 470- -474 
Error-detecting code, 471, 474 
Escape velocity. 199 
Essential singularity, 906 
Euclidean inner product. 359 
Euler, Leonhard, 145, APP-l 
Euler load, 177 
Euler's constant, 295 
Euler's formula, 126 
Euler's improved method, 309 
Euler's method: 
error analysis of, 75, 307-310 
for first-order differential equations, 
74,307 

for second-order different: · 
318 

for systems of differential equations. 
318,321 

Evaluation of real integrals by residues, 
913-918 

Evaporating raindrop, 30, 86 
Evaporation, 95 
Even function: 
definition of, 690 
properties of, 691 

Exact differential: 
definition of, 62 
test for, 62 

Exact differential equation: 
definition of, 62 
solution of. 63 

Existence of Fourier transforms. 793 
Existence of Laplace transform. 22 
Existence of power series solutions. 274 
Existence of a unique solution. 15-16. 

111, 602 
Expansion of a function: 

in a complex Fourier series, 698 
in a cosine series, 692 
in a Fourier series, 686 687 
in a Fourier--Bessel series, 707--709 
in a Fourier--Legendre series 
710-711 

half-range, 63-694 
in a Lax±rent series, 399- 9tI 
in a power series 71-273 
in a sine series 8.2 
in terns of rt hyena fates 
3-sk 

Explicit fmre &c?rear me 8 
Epticit stub • 
xpenis] fr fa xarer 9tr.a} R" 
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fonn of a Fourier series, 698 
function: 
of, 851 
of, 851 
.l region of, 852 

.852 
; of, 85 l-852 
integral function, APP-5 
order, 221 

of a singularity. 285 
ichlet problem, 761. 
t, 840 

force, 163 
displacement. 157 

function. APP-3 
dies, mathematical models of, 

First standing wave, 731 
First translation theorem: 

form of, 232 
inverse fonn of, 233 

Five-point approximation of the 
Laplacian. 815 

Flexural rigidity, l 74 
Flow: 

of fluid around a comer, 950 
of fluid around a cylinder, 950 
of heal, 721 
steady-stale fluid, 949 

Fluctuating population, 86 
Flux. and Cauchy's integral formula, 

881 
Flux tl1rough_a surface, 563 
Flux. of a vector field, 519 
Folia of Descartes, 13,661 
Forced electrical vibrations, 167 
Forced motion: 

with damping, 163 
.without damping, 165 

Forcing function, 120, 156 
Forgetfulness, 28 
Formula error, 308 
Forward difference, 323 
Fossil, age of, 79 
Fourier, Jean-Baptiste Joseph, 687 
Fourier coefficients, 687 
Fourier cosine transform: 

definition of, 793 
operational properties of, 793-794 

Fourier integral: 
complex. form, 790 
conditions for convergence, 788 
cosine form, 789 
definition of, 787 
exponential form, 790 
sine form, 789 

Fourier integrals, 916 
Fourier series: 

complex, 693- 699 
conditions for convergence, 688 
cosine, 691-692 
definition of, 687 
generalized, 684 
sine, 691- 692 
in two variables, 752 

Fourier sine ti-ansfonn: 
definition of, 793 
operational properties of, 793-794 

Fourier transform pairs, 793 
Fourier transforms: 

complex (exponential) fonn of, 79 
definitions ot, 793 
existence of, 793 
finite, 799. . 
linearity of, 793 
operaio»at properties of, 793--79° 

...7°-68 
raindrops, 30, 86 
·f solutions, 8 
(D. 23 
rnsform, 804 

_ transform, computing 
809 

.Erwin, 314 
.436 · 
sequence,436 

....Eugen. 106 
Jaw of diffusion, 106 
'signals, 808 
..2e approximations, 
322-323,815,820,825 

·".-sce equation, 324 
... ce method: 
323, 821 
. 822 

Lliffcrences, 323 · 
dimensional vector space, 33 
Fourier transfonns: 

cosine, 799 
inverse of, 799 
operational properties of, 799. 02 
sine, 799 
'St buckling mode, 177 

harmonic, 731 
4. moments, 546 
st normal mode, 731 
.. t octant. 335 1 

'irst-order chemical reaction. 
First-order differential equatio®' 

applications of, 67-68.77,3-71 
. solution of, 45, 48, 54, 63, (11. 14 

First-order initial-value prob"_,,a 
Flrst-order Runge-Kutta meil1 

311,313 
First-order system, 599 
First shifting theorem, 232 

Fourier-Besse\ series: 
conditions for convergence, 709 
definition of, 707, 709 

Fourier-Legendre series: 
conditions for convergence, 711 
definition of, 710-711, 712 

Fourth-order partial differential cquati 
734,750 

Fourth-order Runge-Kutta methods: 
for lirst-order differential equations, 
. 75,3\1,312-313 
for second-order differential equatior 

318 
for systems of differential equations, 

320-321 
Free electrical vibrations. 166 
Free-end conditions of a beam, 174,--,. 
Free motion ofa spring/mass system: 

damped, 160-161 
undamped, l 57 

Free vectors, 329 
Frequency of free vibrati.ons,.157 
Frequency filtering, 808 
Frequency response curve, 172 
Frequency spectrum, 699 
Fresnel, Augustin-Jean. 59 
Fresnel cosine integral function, A 
Fresnel sine integral function, 61, 7 

·APP-5 
Frobenius, Georg Ferdinand, 283 
Frobenius, method of, 283 
Frobenius' theorem. 283 
Fubini, Guido, 543 
Fubini's theorem. 543 
Fulcrum supported ends of a beam, 
Full-wave rectification of sine, 255 
Function(s): 
Airy, APP-5 
beta, APP-4 
complementary, 118 
complementary error, 58, APp,. 
of a complex. variable. 841 
continuous, 843 
cosine integral, APP-5 
denned by an integral, 10, S8 
differentiable, 844 · · ' 
directional derivative of, 509 
domain of, 503 . ..._ 
drving, 59, 156, 163 
error. 58, 777--778, APP-2 
even, 690 
exponential, 851 · 
exponential integral, APP-s 
factorial, APP-3 
porcing, 120, 156, 163-164 
pesnel cosine integral .p,, 
pesnet sine integral, ©h% 4 
amma, 223, 297,KPP-2 F 
generalized, 258 
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·neralized factorial, APP-3 
radient of, 509 
raph of, 503 
armonic, 522, 848-849, 929 
perbolic, 858 
uner product of, 68 I 
Ccgral defined, 1 O 
put, 59, 156 
garithmic, 853 
tgarithmic integral, APP-5 
dd, 690 • 
.t hogonal, 68 I 
•put, 59, 156 
rtial derivative of; 504-505 
riodic, 685 
! ynomial, 843 
tential, 532, 948 

«er, 855, 925 
e of, 503 

.onal, 843 
real variable, 841 
•nse, 59, 156 
integral, 60, 792, APP-5 

solution, 7 
om, 949 
nree variables, 503 
onometric, 857 
t,vo-dimensional flow, 842 
o variables, 503 

«Or, 487 
ht, 684 
--1cntal angular frequency, 699 

1cntal critical speed, 182 
2ntal frequency, 731 
ental matrix: 
ition of, 625 
x exponential as a, 632 • 
aental mode of vibration, 731 
ental period, 685, 699 

llcntal region of the co I 
• C· 1 ,, rnp ex onentta! {unction, 853 

«:ntal set or solutions· 
&ion of. 116,604 
nce of, 116, 604 
«-ntal theore,,,, 
2bra, 883-8g., 
·ulus. }9% 53, 
«1tour tegrajs, 875 
«> integrals, s,9 

2 
a1ci. 24. 3, 

·on· 1 
.nett · 

<oes 9 2Fa,, 
«:>n of, 223 i, APP-3 
€, APP-3 'APP.3 

«on for'la , 
©ran Carl 4 291, Ap,_ . 

iedrich, », '3 • I 8 »APP.9 
~-- 

Gauss' law, 587, 948 
Gauss' theorem, 582 
Gaussian elimination, 388 
Gauss-Jordan elimination, 388 
Gauss-Seidel iteration, 394, 818 
General form of a linear ordinary 

differenlial cqualion, 5 
General form of an ordinary differential 

equation, 4 
General solurion: 

of Bessel's ec1uation, 29 I, 293 
definilion of, IO, 55, 1 17, 118 
of a homogeneous linear differential 
equation, 117 

of a homogeneous second-order linear 
differential equarion, I 25-126 

of a homogeneous system of linear 
differential equations, 604 

of a linear first-order equation, 55 
of linear higher-order equations, 

127-130 
of modified Bessel's equation, 292-293 
of a nonhomogeneous linear 
differential equation, l 18 

of a nonhomogeneous system of linear 
differential equarions, 605 

of.parametric fonn of Bessel's 
equation, 292 

of parametric fonn of modified 
Bessel's equation, 293 

of a second-order Cauchy-Euler 
equation, 146-,.148 

Generalized factorial function, APP-3 
Generalized Fourier series, 684 
Generalized functions, 258 
Generalized length, 682 
Geometric series, 890 
Geometric vcclors, 329 
George Washington monument, 17-1- 
Gibbs, Josiah Willard, 693 
Gibbs phenomenon, 693 
Global truncation error, 309 
Globally Slable critical point, 668 
Gompertz, Benjamin. 9 1 
Gompertz differential equation, 9 I 
Goursat, Edouard. 871 
Gradient: 
of a function of three variables, 508-509 
of a function of two variables, 508--509 
geometric interpretation of, 514-515 
vector field, 518, 532 

Grnm-Schmidt orthogonalization - 
process,366--369,685 

Graph(s): _ 
of !he complementary error function, 777 
of the error function, 777 
of a function of two variables, 503 
of the gamma function, 223, 291, APP-3 
of level curves, 503 

of level surfaces, 504 
of a plane, 355 

Great circles, 579 
Green, George, 184, 554 
Green's function: 

for a boundary-~·aJue proh 
for an initial-value prohlcm., 
for a ,;econd-ord1.--r di ffrrcr 

equation, J84 
for a second-order differer, 

184 
Green's identities, 587 
Green's theorem in the plane 
Green's theorem in 3-space. 566 
Growth and decay, 20-21, 
Growth constant, 78 
Growth rate, relative, 87 

H 
Half-life: 
of carbon-I 4, 78 
definition of, 78 
ofa drug, 21 
of plutonium-239, 78 
of radium-226, 78 
ofuranium-238, 78 

Half-plane, 8-1-0 
Half-range expansions, 693-69-4 
Half-wave rccrification of sine. 5 
Hamilton, \Villiam Rowan, 358 
Hamming (7. 4) code. 471 
Hamming (8. 4) code. 475 
Hamming. Richard W., 4471 
Hanging chain. 5 I 
Hard spring, I 9-I- 
Ham10nic conjugate functions, 849 
Harmonic function. 522, 848-849, 
Harmonic function. transformation 

theorem for, 929 
Hannonic functions and the Dirichlet 

problem, 929 
Harvesting, 93 
Hawking, Stephen. 51 
Hawking radiation, 51 
Heart pacemaker, model for, 61, 87 
Heat equation: 
derivation of one-dimensional 

equation, 721-722 
difference equation replacement for, 

820-821, 822-823 
and discrete Fourier series, 805 
and discrete Fourier tr.msfonn. 805-806 
one-dimensional, 720--72 I 
in polar coordinates, 762 
solution of, 725 
two-dimensional, 762 

Heaviside, Oliver, 240 
Heaviside function, 235 
Heaviside layer, 240 
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Helmholtz, Hermann Ludwig Ferdinand 
von, 772 

Helmholtz's partial differential equation, 
772 

Helix: 
circular, 487 
elliptical, 488 
pitch of, 488 

Henrys (h), 23 
Hermite, Charles, 305 
Hermite polynomials, 305 
Hermite's differential equation, 305, 707 
Higher-order ordinary differential 

equations, 111. 127, 145 
Hinged end of a beam, 174 
Hitting bottom, 97 
Hoh: through the Earth. 28 
Homogeneous boundary conditions, 175, 

189,702 
Homogeneous boundary-value problem, 

175, 724 
Homogeneous first-order differential 

equation: 
definition of, 69 
solution of. 69 

Homogeneous function, 68 
Homogeneous linear differential equation: 

ordinary. 53, 113 
partial, 717 

Homogeneous systems of linear algebraic 
equations: 

definition of, 384, 391 
matrix form of. 392 
nontrivial solutions of, 391 
properties of, 393 
trivial solution of, 391 

Homogeneous systems of linear 
differential equations: 

complex eigenvalues, 615--616 
definition of, 599 
distinct-real eigenvalues, 608 
fundamental set of solutions for, 604 
general solution of, 604 
matrix form of, 599 
repeated eigenvalues, 611-614 
superposition principle for, 602-603 

Hoen&- Wronski, J6zef Maria, 116 
Hooke. Rohen, 157 
Hooke's law, 27, 156-157 > 
Horizontal component of a vector, 332 
Hurricane Hugo, 179-180 
Huygens, Christiaan, 51, 212 
Hydrogen atoms, distance between, 

344- 345 
Hyperbolic functions, complex: 
definitions of, 858 
derivatives of. 858 
zeros of, 859 

Hyperbolic partial differential equation, 7 I 9 

IC, 14 
i. j vectors, 332 
i.j. k vectors, 337 
Iceman (Otzi), 105--106 
Identity matrix. 380 . 
Identity property of power series, 272 
lll-conditioned system of equations, 424 
Image of a point under a transformation, 

588 
Images of curves, 923 
Imaginary axis, 833 
Imaginary part of a complex number, 831 
Imaginary unit, 831 
Immigration model, 90-91, 96 
Impedance, 167 • 
Implicit finite difference method, 822 
Implicit solution, 7 
Improper integral: 

convergent, 2 17, 914-915, APP-2. 
divergent, 217, 914-915 

Improved Euler's method, 309 
Improved Euler's method, truncation 

errors for, 3 IO · 
Impulse response, 259 
Incompressible flow, 521, 949 
Incompressible fluid, 521 
Inconsistent system of linear equations, 384 
Indefinite integral, 10, 876 
Indented contours, 917 
Independence of path: 
definition of, 533, 875 
test for, 534, 535, 536, 875 

Independent variables, 503 
Indicial equation, 285 
Indicial roots, 285 
Inductance, 23, 166 
Infinite-dimensional vector space, 363-364 
Infinite linearly dependent set, 364 
Infinite linearly independent set, 364 
Infinite series of complex numbers: 

absolute convergence, 891 
convergence of, 889-890 
definition of, 890 
geometric, 890 
necessary condition for convergence, 890 
nth term test for divergence, 89 I • 
sum of, 889-890 

Infusion of a drug, 28 
Initial conditions (IC), 14, If I 

· Initial-value problem (IVP; 
definition of, 14, 111 
first-order, 14, 55 
nth-order, 14, 111 
second-order, 14 · 
for systems of linear differential 
equations. 602 

unique solution of, 111 

Inner partition, 571 
Inner product: 
definition of, 339, 340, 359, 681 
properties of, 339, 681 
space, 364, 365 
of two column matrices, 438 
of two functions, 68 I 
of two vectors, 339, 681 

Inner product space, 364, 365 
Input function, 59, 120 
Insulated boundary, 723, 727 
Integers: 

modulo 2,470 . 
modulo 27,469 

Integrable function: 
of three variables, 572 
of two variables, 541 

Integral-defined function, 10, 48, 60--61, 
143, APP-2 

Integral equation, 249 
Integral transform: 
definition of, 217 
finite Fourier cosine, 799 
finite Fourier sine, 799 
Fourier, 793 
Fourier cosine, 793 
Fourier sine, 793 
inverse, 792 
kernel of, 217, 792 
Laplace, 217, 792 
pair, 792 

Integral transforms of derivatives: 
finite Fourier cosine; 799 
finite Fourier sine, 799 
Fourier, 793 
Fourier cosine, 794 
Fourier sine, 794 
Laplace, 226-227 

Integral of a vector function, 491 
Integrating factor, 54, 65-66 
Integration along a curve, 523-524 
Integration by parts, 878 
Integrodifferential equation, 250 
Interest, compounded continuously, 

83 
Interior mesh points, 323 
Interior point, 815, 839 
Interior point of a set in the complex 

plane, 839 
Interpolating function, 315 
Interval: 

of convergence, 271 
of definition of a solution, 6 
of existence and uniqueness, 16 
of validity of solution, 6 

Invariant region: 
definition of, 67 I 
Types I and II, 67 I 

Invasion of the marine toads, 108-109 
ow v s g reg %aw e 



cosine function: 
·ivativc of, 861 
1.1 logarithm, 860 
of finite Fourier cosine transform, 

799 
,;e of finite Fourier sine transform, 
799 
~ hyperbolic functions: 
avativcs of, 861 
logarithms, 861 
ce integral transform: 

..iurier, 793 
·ier cosine, 793 
ier sine, 793 
,ace, 224, 792 

·se of a matrix: 
the adjoint method, 413--414 
!inition of, 412 
• elementary row operations, 416 
,roperties of, 413 
'ng to solve a system, 418--420 

ersc power method, 450 
erse sine function: 
inition of, 860 

derivative of, 861 
as a logarithm, 860 
!rse tangent function: 
derivative of, 861 
as a logarithm, 860 
.erse transform, 224, 792, 793 

· 'SC transformation, 589 
zerse trigonometric functions: 
definitions of, 860 
derivatives of, 861 
,1ertible matrix, 405 
2gular singular point, 281 
.">tational flow, 521,949 
)dine, 36, 42 
lated critical point, 43 

solated singularity: 
classification of, 905-906 
definition of, 898 

.crated integral, 542 
<P, 14, 111 

Jacobi, Carl Gustav Jacob, 656 
Jacobian determinant, 589 
Jacobian matrix, 656 
Joukowski airfoil, 926 
Joukowski transformation, 926 

K 
Kepler's first law of planetary motion, 

497 
Kernel of an integral transform, 277, 792 
Kinetic friction, 211 
Kirchhoff, Gustav Robert, 23 
~irchhoff's first law, 1.00 

Kirchhoff's point and loop rules, 390 
Kirchhoff's second law, 23, 81, 100 
Kulla. Martin Wilhelm, 311 

L 
Lagrange, Joseph-Louis, 140 
Lagrange's identity, 351 
Laguerre, Edmond, 305 
Laguerre polynomials, 305 
Laguerre's differential equation, 

305,706 
Laplace, Pierre-Simon Marquis de, 21 8 

Laplace transform: . 
alternative form of second translauon 
theorem, 237-238 

behavior ass➔ oo, 229 
change of scale theorem for, 224 
conditions for existence, 222 
convolution theorem for, 246-247 
definition of, 217, 792 
of a derivative, 226-227 
derivatives of a, 244 
of differential equations, 227-228 
di!Tcrentiation of, 244-245 
of Dirac delta function, 257 
of an integral, 249 
inverse of, 224, 792 
linearity of,219 
linearity of the inverse transfonn, 22:5 
and the matrix exponential, 632 
operational properties of, 219,225, 
227,232,233, 236, 244, 247, 248, 
249,251.257 

of a partial dcrivalive, 779 
of a periodic functiqn, 251 
sufficient conditions for existence of, 

222 
of systems of ordinary differential 
equalions, 259-260 

tables of, 220, APP-12 
translation theorems for, 232, 236 
of unit step function, 237 

Laplace's partial differential equation: 
in cylindrical coordinates, 764-765 
difference equation replacement for. 

815 
maximum principle for, 737 
in polar coordinates. 508, 757 
solulion of, 734-736 
in three dimensions, 7 53 
in two rectangular coordinates, 507, 

720--721, 734 
Laplacian: 
in cylindrical coonlinatcs, 765 
ddinition of, 721 
in polar coordinates, 757 
in rectangular coordinates, 721 
in spherical coordinates, 770 
in three dimensions, 522, 721 

e paintings, dating of, 83 
Lawaux c-79 
Latitude? 7 %s.815 
Lattice p<?]_gcre Alphonse. 89 
Laurent, ' -4cs,89 
Laurent ~f'\eorcm, 9<~901 
Laurent"s%servation of mechanical 
Law of c<:JII""" Y• 540 . 

eneri7'.scion, 91 
Law of ~ver-al gravitation, 18 
Law of o~"'ponents for complex numbers, 
Laws of e- 

85 6 ~~al conduction, 721 
Laws of _ circuit, integrodiffcrcntial 

""g2««» 
. 4 rank,94 
Leakin sr 
Le 

. = -rower of Pisa, 24 
anin££ Le . ~ theory, :6 

Le
arnin~ares. method of, 475-476 
ast sq · 96 476 - Le --.iares hne. • astsq 

Least sq_-..iares parabola. 477-478 
Least sq_ uares solution. +77 
Legencdr e, Adrien-Marie, .. 90 
Legendre associated functions, 303 
Legendre functions, 298-299. 303,: 
Legendre polynomials: 
first s:;;;: ix, 299 
grap>la=s of, 299 
pro pcz==rties of, 299 
recuurare nce relation for. 300 
Rodrigues' formula for, 300 

Legend aze s differential equation: 
assoc== iated, 303 
of ore± fern, 290 
serie=--s solution of. 298-299 

Leibniz Gottfried Wilhelm, 70 
Leibniz:. notation, 4 
Leibniz= "s rule, 3l,APP-T 
Length or a space _curve, 49 I 
Length or a vector: 
in 3--==space, 340 
in r-== ·pace, 359 

Lconarc:::=io of Pisa. 436 
Leonarc=:fo da Vinci, 19 
Level cm 1rves, 48,503 
Level co f resolution of a mathematical 

rnc=-dd,19 
Lewi sL...::1rfoccs. 50-t 
LHopit=1ls rule, 165,222. 292,912 
Uher A .,,-=,ad, 436 
Libby. Villard Frank. 78-79 
Libby h=zlf-life. 78 
Limit cycle, 671,673 
Limit co =E afunction of a complex 

van iable; 
defir amt ion of, 843 
pro pc==rties of, 843 

Limit o-a· a vector function, 488 
Line of best fit,476 



Line integrals: 
around closed paths, 526, 535, 553-554 
as circulation, 529 
complex, 865 
definition of, 524 
evaluation of, 524-525, 527 
fundamental theon:m for, 533 
independent of the path, 533 
in the plane, 524 
.in space, 527 
as work, 528 

Linc segment, 352 
Lineal element, 35 
Linear algebraic equations, systems of, 

383-384 
Linear combination of vectors. 331 
Linear damping. 733 
Linear dependence: 
of a set of functions, 114--115 
of a set of vectors, 362, 364 
of solution vectors, 603 

Linear donor-controlled hypothesis, 479 
Linear equation in n variables, 383 
Linear first-order differential equation: 
definition of, 5,53 
general solution of, 55 
homogeneous, 53 
integrating factor for, 54 
method of solution, 54 
nonhomogeneous, 53-54 
singular points of. 56 
standard form of, 53 
variation of parameters for, 53 

Linear fractional transformation, 934 
Linear independence: 

of a set of functions. +-1l 
f a set of vectors, 362 

0 . · 603 
of solution vecto ,,5%, 115-116 
of solutions of linear » 
'sentum, 497 

Linear mom€ 203 ' tor 113. : . ·ar opc111 • . I equatwns. 
vnc . . diffcrcnua t 73 
Lear ohit@?_, gg, 71-82. 156. 

4pplicati' ,g-ncous. I? 
:fed homo} [35,146 

assoc"»! jon for, " 12 
xiliar)' equ blcms for, I • 

au" yalue prO 
oundar)' 118--119 
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nonhomogeneous, 53-54, 118, 132, 
140-141 

nth-order, 5 
nth-order initial-value problem for, I I I 
ordinary points of, 274 
particular solution for, 53, 118, 1 32, 

140-14 1 
piecewise, 57 
reduction of order, 122-124 
second-order, 5, 112, 122-124, 

125-126 
singular points of, 56, 274, 281, 283 
standard forms of, 53, 123, 140, 143, 

183 
superposition principles for, 114, I I 9 
with variable coefficients, 145, 271, 

274, 279, 28 1-288, 290 
Linear regression, 108 
Linear second-order partial differential 

equation. 7 I 7 · 
Linear second-order partial differential 

equations: 
classification of, 7 I 9 
homogeneous, 717 
nonhomogeneous, 717 
solution of, 717 
superposition principle for, 718 

Linear spring, 193 
Linear system of algebraic equations: 
consistent, 384 
definition of, 384 
elementary operations on, 385 
homogeneous, 384 
inconsistent, 384 
nonhomogeneous, 384 

Linear system of first-order differential 
equations: 

· definition of, 97, 100, 599 
homogeneous, 599 
matrix form of. 599 
nonhomogeneous, 599 
normal form of, 599 
solution of. 60 I 

Linear transform, 219, 225, 793, 
Linearity: 

of a differential operator, l 13 
of the Fourier transforms, 793 
of the inverse Laplace transform, 225 
of the Laplace transform, 219 

Linearity property, 113, 217, 219, 793 
Linearization: 
of a function fx) at a number, 73, 652 
of a function /(x, y) at a point, 652 
of a nonlinear differential equation, 195 
of a nonlinear system of differential 
equations, 654-655 

Linearly dependent set of functions, 114 
Linearly independent set of functions, 114 
Lines of force, 5 I 8 

Lines in space: 
direction numbers for, 352 
direction vector for, 352 
normal, 516 
parametric equations of, 352 
symmetric equations of, 353 
vector equation for, 352 

Liouville. Joseph, 702 
Liouville's theorem, 883 
Lissajous curve, 208, 265 
Loblolly pines, bending in high winds, 

179-180 
Local linear approximation, 73, 652 
Local truncation error, 308 
Locally stable critical point, 645 
Lockheed Electra, l 68 
Logarithm of a complex number: 

branch cut for, 855 
branch of, 854 
definition of, 853 
derivative of, 855 
principal branch, 854 
principal value of, 854 
properties of, 855 

Logarithmic integral function, APP-5 
Logistic curve, 89 
Logistic equation: 

definition of, 72, 89 
· modifications of, 90-9 1 
solution of, 89 

Logistic function, 89 
Logistic growth, 88-89 
Longitude, 579 
Loop rule, Kirchhoff's, 390 
Losing a solution, 46-47 
Lotka, Alfred James, 663 
Lalka-Volterra competition model, 99-- 100 
Lotka-- Volterra predator--prey model, 

98-99, 667 
Lower bound for the radius of 

convergence, 274 
Lower triangular matrix, 379 
LRC-series circuit: 
differential equation of, 23, 166--167 
integrodilTerential equation of, 250 

LR-series circuit, differential cqualion 
of, 81 

LU-decomposition of a matrix, 460 
LU-factorization of a matrix, 459-464 

M 
Maclaurin, Colin, 895 
Maclaurin series, 272, 895, 896 
Maclaurin series representation: 
for the cosine function, 272 
for the exponential function, 272 
for the sine function, 272 

Magnification in the z-plane, 924 
Magnitude of a complex number, 437 
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,nitudc of the cross product, 341 
3itude of a vector, 331, 336, 340, 359 
ig diagonal entries of a matrix, 375 
nhus, 'Thomas Robert, 20 
4husian model, 20 
,ping, 588, 923 
jing, conformal, 927 
ping soldiers, 732 
e toad invasion model, 108-109 

a; 
enter of, 545 

a double integral, 545 
a surface, 561 

as action, law of, 91 
thematical model, 19--20, 151, 156, 
173, 193 
rix (matrices): 
ddition of, 365, 376, 377 
Jjoint, 413 
Tticommute, 483 
ssociative law, 377,378 
«gmented, 387, 399 
inded, 817 
1aracteristic equation of, 426 
efficient, 392 
Jumn vector, 396 
mmutative law, 377 
'ecomposed, 459 
«finition of, 375 

determinant of, 400-402, 408 
diagonal, 380, 432 
diagonalizable, 452 
difference of, 376 
distributive law, 377, 378 
dominant eigenvalue of, 444 445 
eigenvalues of, 425, 429, 430-431, 432 
eigenvectors of, 425, 429, 431 
elementary, 395 
elementary row operations on, 

387-388 
entries (or clements) of, 375 
equality of, 376 
exponential, 630-634 
factored, 459 
fundamental, 625 
identity, 380 
inverse of, 412, 413-416 
invertible, 412 
Jacobian, 655--656 
lower triangular. 379, 460 
LU-factorization of; 459-464 
main diagonal entries of, 375 
multiplication, 377 
multiplicative identity, 380 
multiplicative inverse, 412 
nilpotent, 437,483, 635 
nonsingular, 412, 413 
nullspace of, 394 
order n, 375 

orthogonal, 420, 440- 441 
orthogonally diagonalizable, 455 
partitioned, 383 
powers of, 433, 
product of, 377 
rank of, 396--398 
reduced row-echelon fonn, 388 
rotation, 382 
row-echelon form, 388, 396 
row equivalent, 388 
row reduction of, 396-397,-409 
row space of, 397 
row vector, 396 
scalar, 380 
scalar multiple of, 376 
similar, 433 
singular, 413 
size, 375 
skew-symmetric, 412 
sparse, 817 
square, 375 
stochastic, 433 
sum of, 376 
symmetric, 380, 612 
of a system, 387 . 
trace of a, 645 
transpose of, 378 
triangular, 379, 432 
tridiagonal, 823 
upper triangular. 379, 460 
zero, 379 · 

Matrix addition, properties of, 377 
Matrix exponential: 

computation of, 631, 6632 
definition of, 631 
derivative of, 63 I 
as a fundamental matrix, 632 
as an inverse Laplace transform, 632 

Matrix form of a system of linear· 
differential equations, 599 

Matrix form of a system of linear 
equations, 392 

Maximum principle, 736 
Maxwell, James Clerk, 52 I 
Maxwell's equations, 522 
Meander function, 255 
Memorization, mathematical model for, 28 
Meridian, 579 
Mesh: 

points, 323, 815 
size, 815 

Message, 470 
Methane molecule, 344--345 
Method of deflation, 4-48 
Method of diagonalization: 

for homogeneous systems of linear 
DEs, 620- 621 

for nonhomogeneous systems of linear 
DEs, 628 

Method of Frobenius, 283 
"od or ioctn-s. 36 

ethod of least squares, 
Method of separation of 

for ordinary differ-en 
44 45 

for panial differential 
Method of Undetermined 
for ncmhomogcneou .. 
for nonhomogeneous. 

DEs, 623-625 
Method of variation of 
for nonhomogeneous 

140-141 
for r 

DEs, 625 
Midpoint of a line 

336 
Minor determinant. 402 
Mises, Richard von, 445 
Mixed boundary ·' · 

definition of, 505 
equality of, 505 

Mixtures. 22, 80. 98. · 
ML-inequality, 868 
M,,..,. vector space, 380 
Mibius strip, 562 
Modeling process, steps 
Modifications of the' 

90-91 
Modified ·' ·:.: 
general solution of, .. 
of order v, 293 
parametric form of. 

Zvlodified Bessel :·:::· · 
of the fin-t kind, 293 
of the second kind. 

Modulus of a complex. 
Moments of inertia, 546 
Moments of inertia. ,, ·' 
Motion: 
on a curve. 493 
in a force field, 156 

Moulton, Forest Ray,' 3 
Moving trihedral, 499 
Multiplication: 
of complex numbers,' 
of matrices, 377 
of power series, 273 
by scalars, 329, 330, 

Multiplication rule for 
coefficients, 137 

Multiplicative inverse of a 
Multiplicity of eigenval 

611--61-4 
Multiply connected doma, 
Multiply connected region, . 
l\tultistcp numerical meth» 
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N 
n-dimensional vector, 358-359 
Negative criterion, 668, 670 
Negative direction on a curve, 554 
Negative of a vector, 330 
Neighborhood, 839 
Networks, 100--101, 26 1 
Neumann, Carl Gottfried, 292 
Neumann condition, 723 
Neumann function. 292 
Neumann problem: 

for a circular plate, 762 
for a rectangle, 739 

Newton, Sir Isaac. 212 
Newton's dot notation, 4 
Newton's law of air resistance, 212 
Newton's law of cooling/warming, 
21, 79 

Newton's law of universal gravitation, 
28 

Newton's laws of motion: 
first, 23 
second, 23, 27, 157, 197-198 

Nicolson, Phyllis, 822 
Nilpotent matrix, 437, 483, 635 
Nodal line, 764 
Nodes: 

of a plane autonomous system, 
647-649, 651 

of a standing wave, 730 
Nonconservative force, 540 
Nonelementary integral, 10, 58, APP-2 
Nonhomogeneous boundary condition, 

702 
Nonhomogeneous boundary-value 

problem, 175, 189, 702, 739 
Nonhomogeneous linear differential 

equation: 
boundary-value problem for, 112 
definition of, 113 
general solution of, 118 
initial-value problem for, 111 
ordinary, 53-54, 113 
partial, 717 
particular solution of, 118 

Nonhomogeneous systems of linear 
differential equations: 

complementary function of, 605 
definition of, 599 
general solution of, 605 
initial-value problem for, 602 
matrix form of, 599 
nonnal form of, 599 
particular solution of. 605 

solution vector of, 60 1 
Nonhomogeneous systems of linear 

equations, 3 84 
Nonisolated singular point, 899 

Nonlinear air resistance, 94 
Nonlinear mathematical models, 84, 

661-666 
Nonlinear ordinary differential equation, 

5,152 
Nonlinear oscillations, 662-663 
Nonlinear pendulum, 194-195, 661-662 
Nonlinear spring, 193 
Nonlinear systems of differential 

equations, 97, 638 
Nonoriented surface, 562 
Nonpolynomial coefficients, 279 
Nonsingular matrix, 412, 413, 416 
Nontrivial solution, 175 
Norm: 
of a column vector (matrix), 438 
of a function, 682 
of a partition; 523, 541 
square, 682 
of a vector, 331, 359, 365 

Normal components of acceleration, 499 
Normal fonn: . 

of an ordinary differential equation, 5 
of a system of linear first-order 

equations, 599 
Normal line to a surface, 51 6 · 
Normal modes, 730 . 
Normal plane, 499 
Normal vector to a plane, 354 
Normalization of a vector, 331, 359 
Normalized eigenvector, 441- 442 
Normalized set of orthogonal functions, 

683 
Notation for derivatives, 4 
n-parameter family of solutions, 8 
NSolve command, 129 
n-space (R"): 
coordinates relative to an orthonormal 

basis, 363 
dimension of, 356 
dot (or inner) product in, 359 
length (or norm) in, 359 
orthogonal vectors in, 359 
standard basis for, 363 
uni! vector in, 359 
vector in, 359 
zero vector in, 359 

nth-order differential operator, 113 
nth-order differential equation expressed 

as a system, 318-319 
nth-order initial-value problem, 14, 111 
nth-order ordinary differential equation, 

3-5,111, 113 
nth root of a nonzero complex number, 

836-837 
nth roots of unity, 8 ll 
nth term test for divergence, 891 
Nullcline, 43 . 
Null space of a matrix, 394 

Number of parameters in a solution of a 
linear system of equations, 398 

Numerical methods: 
absolute error in, 75 
Adams--Bashforth-Moulton, 316 
adaptive methods, 314 
continuing method, 316 
Crank-Nicolson method, 822--823 
deflation method, 448 
difference equation replacement, 815 
errors in, 75, 307-309, 
Euler's method, 73-74, 307, 309, 
318, 321 

finite-difference methods, 323-324, 
815, 820, 822, 825· 

Gauss-Seidel iteration, 818 
improved Euler's method, 309 
inverse power method, 450 
multistep method, 316 
power method, 445 
predictor-corrector methods, 309, 316 
Runge-Kulla methods, 75, 311, 

312-313, 320 
Runge-Kutta-Fchlberg method, 314 
shooting method, 325 
single-step method, 316 
stability of, 317 
stable, 317 
starting method, 3 I 6 
unstable, 317 
using the tangent line, 73 

Numerical solution curve, 76 
Numerical solutions of partial diffe : 

equations, 814 a I crenual 
Numerical solver, 76 
Numerical values of Bessel p, : • . · uncuons, 295 

0 
Octants, 335 
Odd function: 

definition of, 690 
properties of, 691 

ODE.3 
Ohm, Georg Simon. 82 
ohms (2), 23 
Ohm's law, 82 
one-dimensional heat ea, : 

acfinition of, 720-79 "5om: 
derivation of, 721-725 

one-dimensional phase , , 
oe-dimensional way,,'rait, 38 

aefition of, 720-7,,"®ion: 
aerivation of, 722 

ore-parameter family or sGy,,, 
one-to-one transform;,, ""ions, 8 
o,en annulus, 840 > 589 
oen disk, 839 
o,en region, 534 
open set, 839 



- 
rational properties of the Laplace 
transform, 219, 220, 225, 226-227, 
232, 236--237, 238, 244, 247-248, 
249, 251, 257 

,pcrator, differential, 113, 203 
er, exponential, 22 I 
er of a differential equation, 4 
der of integration, 544, 572-573 
srder of a matrix, 375 
er of a Runge--Kutta method, 
311--312 

dered n-tuple, 359, 36 l 
-'ered pair, 330, 334, 358, 361 
dered triple, 335, 354, 361 
{inary differential equation, 3 

.. dinary point of an ordinary differential 
equation: 

definition of, 274-275 
solution about, 274 
'entable surface: 
of a closed, 563 
definition of, 562 
·ientation of a surface: 
downward, 563 
inward, 563 
outward, 563 
upward, 563 
,1.hogonal basis for a vector space, 

366-369 
Orthogonal diagonalizability: 

criterion for, 455 
definition of, 455 

Orthogonal eigenvectors, ·438-439 
Orthogonal family of curves, 107, 850 
Orthogonal functions, 681 
Orthogonal matrix: 
constructing an, 441- 442 
definition of, 440 

Orthogonal projection of a vector onto a 
subspace, 368 

Orthogonal with respect to a weight 
function, 684 

Orthogonal series expansion, 683--684 
Orthogonal set of functions. 681-682 
Orthogonal surfaces al a point, 517 
Orthogonal trajectories, I 07 
Orthogonal vectors, 340 
Orthogonally diagonalizable matrix, 

455-456 
Orthonormal basis: 

definition of, 366 
for R", 366 
for a vector space, 366 

Orthonormal set of functions. 682 
Orthonormal set of vectors, 440 
Oscillating chain, 768 
Osculating plane, 499 
Ozi (the Iceman), 105-106 
Output function, 59, 120 

xal A.a» •· • ~ . ' . 

Overdamped e]e -; """"es 
0 

e cctncal circuit., 1 u 
verdamped s. vo 

I 
spnng/mass system 

61-162 " 
Overdamped system, 161, 663 
Overdetermined system of I; . . · mear 

equations, 393 
Overtones, 731 

p 
Pacemaker, heart, 61, 87 
Parabolic partial differential equation 719 
Parallel vectors: " 

criterion for, 348 
definition of, 329 

Parallels, 579 
Parametric curve: . 

closed, 523 
definition of, 487 
piecewise smooth, 523 
positive direction on, 523 
simple closed, 523 
smooth, 489, 523 
in space, 487 

Parametric equations for a line in space, 
352 

Parametric form of Bessel· equation: 
of order n, 705 
of order v, 292 
in self-adjoint fonn, 705 

Parametric form of modified Bessel 
equation of order v, 293 

Parent isotope, IO 1 
Paris Guns, 211-214 
Parity, 470 
Parity check bits, 470 
Parity check code, 470 
Parity check equations, 472 
Parity check matrix, 472 
Parity error, 471 
Partial derivatives: 

Chain Rule for, 505-506 
definition of, 504 
generalizations of, 506 
higher-order, 505 
mixed, 505 
with respect to x, 504 
with respect toy, 504 
second-order, 505 
symbols for, 505 
third-order, 505 
tree diagrams for, 506 · · 

Partial differential equation, linear second 
order: 

definition of, 717 
elliptic, 719, 815 
homogeneous, 717 
hyperbolic, 719, 815, 825 
linear, 717 
nonhomogencous. 7 I 7 

parabolic, 719, 815, 82 
Separation of varia}) ion of, 717 cs, 717-718 

artial fractions, 225, 230 
Particular solution: 

of Bessel's cquaic .2 
definition of 8 on, 290-297 
f' '53,118 

of Legendre's equation, 298 
of a nonhomogenes,,, -299 

DE ·~= system of 
s, 605, 623, 626 

by undetermined coeflic 
by s.. cents,13 

Y varation of parameters, 140- 
Partitioned matrix, 383 
Path independence: 

definition of, 533 
tests for. 536, 538 

Path of integration, 531 
Pauli, Wolfgang Erst, 483 
Pauli spin matrices, 483 
PDE,3 
Pendulum: 
ballistic, 200 
double, 262 
linear, 195 
nonlinear, 194- 195 

. oscillating, 195 
physical, 194 
rotating, 676-677 
simple, 194 
spring, 211 
spring-coupled. 263 
of varying length. 303 
whirling, 195 

Percentage relative error. 75 
Perihelion, 498 
Period: 

of the compkx exponential 
of the complex hyperbolic sine 

cosine, 852, 859 
of the complex sine and c, ,< · · 

Period of free vibrations, 157 
Periodic boundary :.'' 
Periodic boundary-valuc probkm. 
Periodic driving force, 165, 695 
Periodic extension, 689 
Periodic functions: 

definition of, 251. 685. 689. 
Laplace transfonn of, 251-252 

Periodic solution of a plane au 
system, 64 l 

Phase angle, 158 
Phase line. 38 
Phase plane, 602, 609, 6-46 
Phase portrait: 

for first-arder differential q 
for systems of two linear firs} 
differential equations, 609., 

for systems of two nonlinear f 
differential equations, 657 

. ' ' s 
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Phase-plane method, 658 Position vector, 330, 336 Projectile motion, 208, 211--214 
Physical pendulum, 194 Positive criteria, 671 Projection of a vector onto another, 342 
Piecewise-continuous function: Positive direction on a curve, 523,554 Properties of the convolution, 246--247 

definition of, 221 Potassium-argon dating, 79, 102 Properties of the cross product, 346 
Laplace transform of, 222 · Pmassium-40 decay, 101 p-series, 891 

Piecewise-defined solution of an ordinary Potential: Pulsating sphere, 786 
diffrrcntial equation. 9. 48 complex. 948 Pure imaginary number, 831 

Piecewise-linear differential equation, 57 complex velocity, 949 Pure resonance, 165-166 
Piecewise-smooth cur•,c, 523 energy, 541 Pursuit curve, 200-20 l 
Pin supported end of a beam, 174 function, 532,948 Pythagorean theorem, 331 
Pitch, 382--383· Power function, 925 
Pitch of a helix, 488 Power method, 445 . 

Power Rule,-844, APP-10 
Power Rule for Functions, 844, APP-10 

Planar transformation, 923 
Plane(s): 

Cartesian equation of. 354 
curvilinear motion in, 494 
graphs of, 355-356 
line of intersection of two. 356 
nonnal vector to. 354 
perpendicular to a vector, 354-355 
phase. 609,646 • 
'point-normal form of, 354 
trace of. 355 
vector equation of, 354 

Plane autonomous system: 
changed to polar coordinates, 642 
definition of, 640 
types of solutions of a, 641 

Plane autonomous system, solutions of: 
arc, 641 
constant, 641 
periodic (cycle), 641 

Plucked string, 723, 730, 734 
Plutonium-239, half-life of, 78 
Poincare-Bcndixson theorems, 671, 

673-674 
Point-normal form of an equation of a 

plane, 354 
Point rule, Kirchhoff's, 390 
Poisson, Simeon Denis, 746 
Poisson integral formula: 

for unit disk, 945 
for upper half-plane, 943-944 

Poisson's partial differential equation, 
746 

Polar coordinates, 551, 757 
Polar form of a complex number, 

834-835 
Polar moment of inertia, 553 
Polar rectangle, 549 
Pole:· 

definition of, 905 
of order n, 905, 907 
residue of. 908 
simple, 905 

Polynomial function, 843 . 
Population, mathematical model for, 20, 

44, 72, 77-78, 83, 88-89, 98--99, 
663, 665 , 

Power series: 

a 
Quadratic form: 

definition of, 457 
as a matrix product, 457 

Qualitative analysis: 
of first-order differential equations, 

35,37 
of second-order differential equa 

155,652-653,661-663 
of systems of differential equations 

609-610, 639--642, 645 
Quasi frequency, 163 
Quasi period, 163 
Quotient Ruic, 844, APP-1O 

absolute convergence of, 271 
arithmetic of, 273 
center of, 271 
circle of convergence, 892 
convergence of, 271 
defines a function, 272 
definition of, 271 
differentiation of, 272 
identity property of, 272 
integration of, 272 
interval of convergence, 271 
Maclaurin, 272 
radius of convergence, 271 

· ratio test for, 271 
represents an analytic function, 272 
represents a continuous function, 272 
review of, 271-273 
shift of summation index, 273 
solutions of differential equations, 

274-275 
Taylor, 272-273 

Powers, complex, 855 
Powers, integer, 836 
Powers of a matrix, 433-435 
Predator-prey model, 98-99, 102, 

663-665 
Predictor-corrector method, 309, 3 I 4 
Prime meridian, 579 
Prime notation, 4 
Principal argument of a complex number, 

835 
Principal axes of a conic, 458 
Principal branch of the logarithm, 854 
Principal logarithmic function, 854 
Principal normal vector, 499 
Principal nth root of a complex number, 

836-837 
Principal pan of a Laurent series, 899, 905 
Principal value: 

of a complex power, 855 
of an integral, 915 
of logarithmic function, 854 

Product Rule, 844, APP-IO · 
Product of two matrices, 377 · 

R 
Radial symmetry, 762 
Radial vibrations, 762 

. Radioactive decay, 21'. 77-78 
Radioactive decay seres, 61, 97 
·diogenic isotope, 101 Ra 10 • • • 
Radiometric dating methods, 79 
Radius of convergence, 2.71, 892 
Radius ol curvature, 502 
,, .or gyvaion, 547 

Radius .jy of ev; indrop, veloci 'aporatin 
Rat ,ra complex funet,, '£, 
Range o . · n,841 fa function:  
Range o e 5 

e variables, i04 of tl\fe . . variables, 503 
oftvJO '\ f a projccll e: 

Rans® ',, resistance. 26s 
with @! :g +, no air resistance, 3 
with 4: '64,265 

(a matri 
Rank o •tion of, 396 gefin! : 39 w reduction, ·96 by19° g91 397 

. test, 271, 
Rat®j function, 843 
Ra""j cs of ®Poly,,, 
Ra"3g-129 "Piat, 

.ah, 3rd Baron, 66,, 
paylel#!" .±ent, 44¢ ... • gll quot! " • payl,, a+rierentia] r» 4gls » eq aayl&}, .4,-ui: Huatio,, r-- .-1i;S Cl[ • •• c-s, equatio, " R',erential ; "or di} [p ,at@on or '»81 

,,es®' eg '"2so 



..l"{caclancc, J 67 
tcactions, chemical, 21-22, 91 
<cal axis, 833 
~cul integrals, evaluation by residues, 

9I3-918 
al part of a complex number, 83 I 
·2al power function, 925 
cal vector space, 360 
eciprocal I all ice, 35 I 
ectangular coordinates, 334-335 
~ctangular pulse, 242 
·ctified sine wave, 255 
<ctifying plane, 499 

wcurrence relation: 
three term, 278 
"two term, 275 
cursion formula for the gamma 

funclion, APP-3 
<luced row-echelon form of a matrix, 

388 · 
luction of order, 122-123, 153 
lccting surface, 29 
vion: 
Iosed, 840 
• the complex plane, 840 
«onnected, 534 
:isconnccted, 534 
ith holes, 556 

anage of, 588 
integration, 542 
variant, 671 
ultiply connected, 534 
aen, 534 

22ply connected, 534 
c I ID, 542, 67 J 
«ssion line, 96 
dar singular point of an ordinary 
<Ji ffcrential equation: 

2llir ition of, 28 I 
Ution about. 283 
lar Sturm--Liouville problem: 
'inition of, 702 
2erties of, 702 
Ve Crror: 
inition of, 75 
-ccntagc, 75 
ve growth rate, 88 
vable singularity, 905 
ller, 40, 610. 651 

3es): 
==ulation of, 908-909 
iiition or, 908 
uation of complex integrals by 
1 1-912 
@u1tion or real integrals by. 
31 3 918 
2Dole of order n, 909 

ample pole. 909 
<e theorem. 910-911 

Resistance, 23 
Resonance. pure, 165-166 
Resonance curve, 172 
Resonance frequency, 172 
Response: 
definition of, 59, 120 
impulse, 259 
of a series circuit. 81 
of a system, 25, 81, 120, 640 • 
zero-input, 230 
zero-state. 230 

Rest point, 651 
Rest solution, 183 
Restocking a fishery. 90 
Reversing the order of integration, 544 
Review of power series. 271-273 
Riccati, Jacopo Francesco, 72 
Riccati's differential equation, 72 
Riemann, Georg Friedrich· Bernhard, 571 
Riemann mapping theorem, 939 
Riemann sum, 571 
Right-hand rule, 347 
RK4 method, 75, 313 
RK4 method for systems, 318, 320 
RKF45 method, 314 
Robin condition, 723 
Robins, Benjamin, 200, 2 I 3 
Rocket motion, 28, 86, 197, 199 
Rodrigues, Benjamin Olinde, 300 
Rodrigues' formula: 

for the Hermite polynomials. 305 
for the Laguerre polynomials, 305 
for the Legendre polynomials. 300 

Roll, 382-383 
Root mean square, 690 
Root test. 89 1 .837 
Roots of a complex numher. 83~orce, 32 Rope pulled upwanl by a consta? 
Rotational flow, 521 
Rotating fluid, shape of. 29 
Rotating pendulum. ~77 c:J. 2 t0 
Rotating rod with a sliding be 
Rotating shaft, 182 
Rotating string, 177-178 
Rotation matrix. 382 · 
Rotation and translation, 924 
Rotation in the z-plane, 924 
Round-off error, 307 
Row-echelon form. 388 
Row equivalent matrices, 388 416 

. fa ,A Row operations, use in find1n# ,h 
inverse of a nonsingular nh 

Row reduction, 388 
Row space, 396 , 
Row vector, 375, 396 -° 
Row vector form of an autonon}' 

system, 6-40 
R, 336 
R?, 330 

Rules of differentiation, . 
Runge. Carl David. 311 
Runge-Kulla methods: 
first-order, 3I I 
founh-order, 15. 312-3 t 
second-order, 312 

Runge--Kutta-Fehlberg r 
Rutherford. Ernest, 79 

s 
Satldle point, 647-648 
Sample point, 523. 541. 56' 
Sampling Theorem, '807 
Sawing wood. 95 
Sawtooth function, 255 
Scalar. 329, 681 
Scalar acceleration. 495 
Scalar matrix, 380 
Scalar multiple: 
of a matrix. 376 
of vectors, 329, 330. 336 

Scalar triple product, 349 
Scaling. 447 
Schwartz. Laurent. 258 
Schwarz, Karl I'. 
Schwarz--Christoffel 

939-942 
Second derivative of: 

881-882 
Second moments, 546 
S.· ·,·:.·' .. l ·- •. »--•; ··• 

I J 2. 175, 322. 325. 702 
Second-order '· · :··. 

91-92 
Second-order DE as a system, 

318,639 
Second-order difference 
Second-order differential 
Second-order inilial-valu~· 

183, 318 
Sccond-ord.::r reaction, 9 I 
Second-order Runge--Kutta : 

312,313 
Second shitting lhcorem. 236 
~ccond u-anslation theorem: 

alternative form of, 237-239 
fonn of, 236 
inverse form of, 237 

Seidel, Philipp Ludwig nm. Si 
S'If-adjoint form of a linear s 

DE. 70+-705 
}err-orthogonal family of cur 
emi-stable critical point, 40 

\ ~\:parable first-order differential 
equation: 

ddinition of, 4-4 45 
. } solution of, 45-46 
parable partial dilfrrc-ntial 

717 



Separated boundary cond; 
Separation constant, 718 'Fon,,_-, 
Sequence: '· O2 
convergent, 889 
criterion for convergence 
definition of, 889 ~ .... 889 

Sequence of partial sums. -...... · 
Series (infinite): <<> I 

absolutely convergent, 2 ~ 
circle of convergence, 8s;;;i., l., 89 1 
complex Fourier, 698 12 
of complex numbers, 88 <_5 
convergent, 271. 889--8» z5 
cosine, 692 
definition of, 889- 890 
Fourier, 687 
Fourier-Bessel, 707. 70£> 
Fourier-Legendre, 710---:,, I 1 geometric, 890 
interval of convergence. 12.71, 272 
Laurent, 898-904 
Maclaurin, 272, 895, 89(:5 
necessary condition for cc:> i-i "'.ergence, 890 
nth term test for diverge.--.. c:e, 89 1 
orthogonal, 683-684. 
power. 272, 892 
radius of convergence, 2 1. 892 
sine, 692 
solutions of ordinary diff ==rential 
equations, 270 • 

. Taylor. 272-273, 893-89 ~ 
tests for convergence, 27 I , 891 
trigonometric, 686 

Series circuits, 23, 81, 166-- :I. 67 
Set of functions: 
linearly dependent. 114 
linearly independent, 1 1r 

Sets in the complex plane, 3 9 840 
Shaft through the Earth, 28 
Shifting summation index. '.2.. 7 3 
Shooting method, 325 
Shroud of Turin, 79, 83--84 
Sifting property, 258 
Signal processing, 807 
Similar matrices, 433 
Simple closed curve, 523 
Simple harmonic electrical "'.:i. orations, 166 
Simple harmonic motion. 1.S:7 
Simple pendulum, 194 
Simple pole, 905 
Simple zero, 907 
Simply connected domain.~ 34, 870 
Simply connected region, 55<1 
Simply supported end of a ~am. I 74 
Simply supported end con di. «ions of a 

beam, 174, 734 
Sine integral function, 60, 77-:7, 792, APP-5 
Sine series, 692 
Sine series in two variables. 7 53 

,-it >Mt w:- ( E ?MiOCtee HtO 

Single-step numerical method, 316 
Singular boundary-value problem, 704 
Singular matrix, 413, 416 
Singular point of a complex function: 
definition of, 898 
essential, 906 
isolated, 898 
nonisolated, 899 
pole, 905 
removable, 905 

Singular point of a linear ordinary 
differential equation: 

definition of, 56, 274 
at infinity, 274 
irregular, 281 
regular, 281 
solution about, 28 I, 283 

Singular solution, 9 
Singular Sturm--Liouville problem: 
definition of, 704 
propenies of, 704 

Sink, 521, 88 I · 
Sinking in water, 94 
SIR model, 103 
Skew-symmetric matrix, 412 
Skydiving, 27, 85-86, 96-97 
Sliding bead, 210, 662--663 
Sliding box on an inclined plane, 87 
Slope field, 35 
Smooth curve, 489, 523 
Smooth function, 489 
Smooth surface, 559 
Snowplow problem, 30 
Soft spring, I 94 
Solar collector, 94-95 
Solenoidal vector field, 521 
Solution curve: 
of an autonomous differential 
equation, 38 

definition of, 7 
Solution of a linear second-order partial 

differential equation: 
definition of, 717 
particular, 717-718 

Solution methods of ordinary differential 
equations, 45, 54, 63, 65, 69, 70, 
71, 122-123, 125-129, 132-137, 
140-144, 145-149, 153-154, 
160-161, 183--190, 227, 
274-275,283 

Solution of an ordinary differential 
equation: 

about an ordinary point, 274 
about a regular singular point, 283 
definition of, 6 
domain of, 6 
existence and uniqueness of, 15-17 
explicit, 7 
general, 11, 55, 117, 118 

tacos 
implicit, 7 
integral-defined, 10, 48, 58, 60-61 
interval of definition, 6 
losing a, 46-47 
nontrivial, 175 
n-parameter family of, 8 
one-parameter family of, 8 
particular, 8 
piecewise-defined, 9 
singular, 9 
trivial, 7 
verification of a, 6-7 
Solution of a system of differential 

equations, 10, 203, 259--261, 601-602 
Solution of a system of linear equations: 
definition of, 384, 39 I 
number of parameters in a, 398-399 

Solution space, 363 
Solution.vector, 60 I 
Source, 52 1, 881 
Space curve; 
definition of, 487 
length of, 49 I 

Span,364 
Spanning set, 364, 366 
Sparse matrix, 8 I 7 
Special functions, 58, 290 
Specific growth rate, 88 
Speed, 493 
Spherical Bessel function: 
of the first kind, 297 
graphs of, 298 
of the second kind, 297 

Spherical coordinates: 
conversion lo cylindrical . 

577-578 Coordinates, 
conversion to rectangular . 

577-578 Coordinates, 
definition of, 577 
l,aplacian in, 770 

spherical symmetry, 771 
spherical wedge, 578 
gpif@l points: 

stable, 649 
unstable, 649 

gprad of a disease, 21 
gpg constant, 157 
gp)Pg-coupled pendulums, 
orig/ass systems, 1s6, ,5s 
rig pendulum, 211 '96 
',aare errors, sum of, 476 
P",are matrix, 375. 
f ,re nor of a tuncton, , 
5fre wave,252,2ss ""®Q 
5,,iliuy criteria: 
S1
}0r first-order autonomou~ 

655 quations, 
of linear $)Stems, 65 1 
{of plane aUlonomous sys, 

'e, 656 
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· it)' for explicit finite difference 
ethod, 822, 827 · 
"; linear systems, 645 
.ity • critical point, 653 
node, 647,651 
numerical method, 317 
spiral point, 649, 650, 651 
ase function, 242 
~ basis: 
P, 363 
nR?, 332 
R, 330, 337, 363 
R",363  
1rd form for a linear differential 

equation, 53, 123, 140, 274, 
28 1--282 
rd inner product in R", 359 
1g waves, 730-731, 764 
!, methods, 316 · 

of a system, 20, 25, 479, 640 
variables, 25, 120 
nary point, 37 
..-state current, 82, 167 
-state fluid flow, 949 · 
-state solution, 82, 164, 167, 741 
y-state temperature, 722, 734, 757, 
759,765,770 
Jy-state term, 82, 164 
a, Josef, 106 
'l's law of radiation, l 06. 
size, 74 
astic matrix, 433 
s, George G., 566 
• law of air resistance, 212 
,' theorem, 566 • 

1m function, 949 
amlines, 68, 842, 949 
1mlining, 950 
g falling under its own weight, 
780-781 
·g of length n, 470 
t, John William, 660 · 
, Jacques Charles Francois, 702 

1-Liouvillc problem: 
2finition of, 702 
10gonality of solutions, 702 
perties of, 702 

gular, 702 
'ngular, 704 

atrix, 383 
,cript notation, 4 
space: 
iteria for, 36 l 
inition of, 36 l 

•Stitutions: · 
1 differential equations, 68 
1 integrals, 551, 587-592 
ruction of vectors, 330, 336 
cssive mappings, 925 

Sumci_ent condition for a matrix to be 
diagonalizable, 452, 453 

Sum Rule, 843, APP-IO 
Sum of square errors, 476 
Summation index, shifting of, 273 
Superposition principle: 

for BVPs involving the wave equation 
731 ' 

for Dirichlet's problem for a 
rectangular plate, 736-737 

for homogeneous linear ODEs, 114 
for homogeneous linear PDEs, 718 
for homogeneous systems of linear 
DEs, 603 

for matrix solutions of a homogeneous 
system of equations, 393 

for nonhomogeneous linear ODEs, 119 
Surface, orientable, 562-563 
Surface area: 
differential of, 561 
as a double integral, 560 

Surface integral: 
applications of, 561, 563-564 
definition of, 561 
evaluation of, 561 
over a piecewise defined surface, 564 

Suspended cable, mathematical model of, 
24-25,52, 196 

..Suspension bridge, 24, 52, 196 
Sylvester, James Joseph, 358 
Symmetric equations for a line, 353 
Symmetric matrix: 
definition of, 380,437,455 
eigenvalues of, 437 
orthogonality of eigenvectors, 438--439 

Syndrome, 472 
System of ordinary DEs:' 
autonomous, 639 
definition of, 10, 97-10 I, 202-203, 

320,639 · 
higher-order DEs reduced to, 309, 310, 

639 
matrix form of, 640 · 
method of solution, 202-204, 259-262, 

607-608, 641 
numerical solution of, 318, 320 
reduced to first-order systems, 319--320 
solution of, 10 

Systematic elimination._203 . 
Systems of first-order differential 

equations: 
autonomous,639,640 
definition of, 10,97, 599, 639 
linear form of, 599 
matrix form of, 599, 640 
solution of, 10,601 : 

Systems of linear algebraic equations: 
as an augmented matrix, 387 
coefficients of, 384 

consistent, 384 
elementary . 

operations on a, 387 
Gaussian elimination, 388 
Gauss--Jordan elimination, 388 
general form of, 384 
homogeneous, 384, 391 
ill-conditioned, 424 
inconsistent, 384 
matrix fonn of. 392 
nonhomogeneous, 384 
overdetermined, 393 

. solution of, 384 
superposition principle for, 393 

· underdetcnnincd, 393 
Systems of linear alget 

methods for solving: 
using augmented matrices, 387 
using Cramer's rule, 422--423 
using elementary operations, 385 
using elementary row operations. 

387-388 
using the inverse of a matrix, 418 
using LU-factorization. 463 

Systems of linear first-:'.: 
equations, methods for solving: 

using diagonalization, 620-622 
using the Laplace transform, 259, 
632-633 . 

using matrices. 607-6 I 8 
using a matrix expor .... : ' r.. .,. 

using systematic elir... . 2. 
using undetermined coefficients. 
using variation of parameters, 625 

T 
Tables: 
of confonnal mappings. A PP- I 7. 
APP-18, APP-I9.APP-7 ·>> 

of derivatives and integrals, 
APP-I I 

of Laplace transforms. 220. 
APP-13, APP-14, A"> • 

of trial particular solutions, 
Tangent line, 73 
Tangent plane to a surface: 

definition of, 515 
equation of. 515. 652 
vector equation of, 515 

Tangent vectors, 489, 498- 499 
Tangential component of acceleration, 
Tautochrone problem, 5 1 
Taylor. Brook, 895 
Taylor series, 154, 894-895 
Taylor's theorem, 895 
Telegraph equation, 725 4. 
Telephone wires, shape of, 24-25, < 
Temperature: · 

in an annular cooling fin, 302 
in an annular plate, 181, 760 



Temperature:---(Cont.) 
in a circular cylinder, 765-767, 769 
in a circular plate, 768 
in a composite circular plate, 768 
between concentric cylinders. 151 
between concentric spheres, 181,771 
in a cooling/warming body. 21, 

79-80. 84 
in an infinite cylinder, 767 
in an infinite plate, 754, 761 
in a onc-eighth annular plate. 761, 772 
in a quarter-annular plate. 761 
in a quarter-circular plate, 760 
in a rectangular parallelepiped, 753 
in a rectangular plate. 734-736, 736-737 
in a rod. 725-727, 728 
in a semiannular plate, 761 
in a semicircular plate, 759 
in a semi-infinite plate, 738, 746, 754 
in a square plate, 754 
in a sphere, 181, 770, 771 
in a wedge-shaped plate, 760 

Terminal velocity of a falling body, 44, 
86,94 

Test point, 935 
Theory of distributions, 258 
Thermal conductivity, 721 
Thermal diffusivity, 722 
Three-dimensional Laplacian, 721 
Three-dimensional vector field, 517-5 I 8 
3-space (R?), 336 
Three-term recurrence relation, 278 
Threshold level, 93 
Time of death. 84 
TNB-frame, 500 
Torque, 350 
Torricelli, Evangelista, 23. 211 
Torricelli's law, 23 
Torsion spring. 168 
Total differential, 62 
Trace: 

of a matrix, 645 
of a plane, 355 

Tracer, 479 
Tractrix. 28. 1 06 
Trajectories, orthogonal, 107-108 
Trajectory, 602, 609, 640 
Transfer coefficients, 480 
Transfer function, 230 
Transfer matrix, 480 
Transform pair, 792 

· Transformation, 588 
Transient solution, 164, 167, 741 
Transient term, 57, 82, 164 
Translation: 

and rotation, 924 
in the z-plane, 924 

Translation property for autonomous 
DEs. 41 

Translation on the s-axis, 232 
Translation on the t-axis, 235 
Translation theorems for Laplace 

transform, 232, 236 
Transpose of a matrix: 

definition of, 378 
properties of, 379 

Transverse vibrations, 722 
Traveling waves, 734 
Tree diagrams, 506 
Triangle inequality, 833 
Triangular matrix, 379 
Triangular wave, 255 
Tridiagonal matrix, 823 
Trigonometric functions, complex: 

definitions of, 857-858 
derivatives, 857 

Trigonometric identities, 857--858 
Trigonometric series, 686 
Triple integral: 

applications of, 573 
in cylindrical coordinates, 576 
definition of, 571-572 
evaluation Of, 572-573 
in spherical coordinates, 578 
as volume, 573 

Triple scalar product, 349 
Triple vector product, 349 
Triply connected domain, 870 
Trivial solution: 

defined, 7 
for a homogeneous system of linear 

equations, 419 
Trivial vector space, 360 
Truncation error: 

for Euler's method, 308 
global. 309 
for improved Euler's method, 3 IO 
local, 308 
for RK4 method, 313-314 

Tsunami, mathematical model of, 95 
Twisted cubic, 501-502 
Twisted shaft, 748 
Two-dimensional definite integral, 

541-543 
Two-dimensional lluid now, 5 18, 521, 

842 
Two-dimensional heat equation, 751 
Two-dimensional Laplace's equation, 

720-721 
Two-dimensional Laplacian, 721 
Two-dimensional vector field, 517-518 
Two-dimensional wave equation, 751 
Two-point boundary-value problem, 112, 

173,175,702 
2-space (R), 330 
Two-term recurrence relation, 275 
Type I (II) invariant region, 671 
Type I (II) region, 542 

u 
Uncoupled linear system, 62 1 
Undamped forced motion, 165 
Undamped spring/mass system, 157, 1 er 
Underdamped electrical circuit, I66 
Underdamped spring/mass system, 161 
Underdamped system, 663 
Undetermined coefficients: 

for linear differential equations, 
132-138 

for linear systems, 623 
Underdetermined system of linear 

equations, 393 
Uniqueness theorem, 16, 111 
Unit impulse, 256-257 
Unit step function: 

definition of, 235 
graph of, 235 
Laplace transform of, 237 

Unit tangent, 498 
Unit vector, 331,359 
Unstable critical point, 40, 653, 655 
Unstable node, 647, 651 
Unstable numerical method, 317, 822 
Unstable spiral point, 649, 649--650, 
Unsymmetrical vibrations, 194 

• Upper triangular matrix, 379 
Upward orientation or a surface, 563 
USS Missouri, 182 

V 
Van dcr Pol's differential equation, 

673 
Van der Waa\'s equation, 508 
Variable mass, 27-28, 197 
Variable spring constant, 160 
Variables, separable, 44 -45, 69, 71 
Variation of parameters: 

for linear DEs, 53, 140--141 
for systems of linear DEs, 625 

Vector(s): 
acceleration, 493 
addition of, 329-330, 336 
angle between, 341 
binormal, 499 
component on another vector, ? 
components of a, 330, 336 
in a coordinate plane, 330 
coplanar, 350 
cross product of, 345-346 
difference of, 329, 330, 336 
differential operator, 508 
direction, 352 
direction angles of, 341 
direction cosines of, 341 
dot product of, 339, 340 
equality of, 329, 330, 336 
equation for a line, 352 

pope! ryepre mp ye wwrww pr -p! ·47e99ere eve verge 



- 
tion for a plane, 354 

cqU 
etds, 518 
ee, 329 
function, 487 
geometric, 329 
horizontal component of, 332 . 
initial point of, 329 
·oner product, 339, 359 
jrgti of, 331, 336, 359 
[inear combination of, 331 
linearly dependent, 362 
linearly independent, 362 
magnitude of, 331, 336, 340, 359 
multiplication by scalars, 329, 330, 

331, 336, 359 
negative of, 330 
norm of, 331, 359 
normal components of acceleration, 499 
normal to a plane, 354-355 
normalization of, 331, 359 
in n-space, 359 

· orthogonal, 340 
orthogonal projection onto a subspace, 

368 
orthonormal basis, 366 
parallel, 329, 348 
position, 330, 336 
principal normal, 499 
projection on another vector, 342 
properties of, 331, 339, 346 
right-hand rule, 347 
scalar multiple of, 329, 330, 336 
scalar product, 339 
scalar triple product, 349 . 
as a solution of systems of linear DEs, 
601---602 

space,359 
span of, 364 
spanning set for, 364 
standard basis for, 332, 337, 362-363 
subtraction of, 330, 336 
sum of, 329, 330, 336 
tangent to a curve, 493 
terminal point of. 329, 330, 336 
in 3-space, 336 
in 2-space, 330 
unit,331,359 
unit tangent to a curve, 498 
vector triple product, 349 
velocity, 493 
vertical component of, 332 
zero, 329, 336, 359 
-or differential operator, 508 
or equation for a curve, 487 

• :tor equation for a line, 352 
®ector equation for a plane, 354 
-ctor fields: 
and analyticity, 947 
conservative, 532 

curt of, 519 
definition of, 517-518 
divergence of, 520 
flux of, 519 
gradient, 518 

· irrotational, 521 
plane autonomous system of, 640 

. rotational, 521 
solenoidal, 521 
three-dimensional, 517-518 
two-dimensional, 517-518 

. velocity. 5 I 8 
Vector functions: 

as acceleration, 493 
continuity of, 488 
definition of, 487 
derivative of, 489 
differentiation of components, 489 
higher-order derivatives of, 490 
integrals of, 491 
limit of, 488 
rules of differentiation, 490 
smooth, 489 
of three variables, 508, 517 
of two variables, 508, 517 
as velocity, 493 

Vector in n-space, 359 
Vector space: 
axioms for a, 359 
basis for a, 362 
closure axioms for a, 360 
complex, 360 
definition of, 359 
dimension of, 363 
finite dimensional, 363 
infinite dimensional, 363 
inner product, 364 
linear dependence in a, 362, 364 
linear independence in a, 362, 364 
real, 360 
span of vectors in a, 364 
standard bases, 362-363 
subspace of, 361 
trivial, 360 
zero, 360 

Vector triple product, 349 
Vector-valued functions, 487 
Velocity field, 497 
Velocity potential, complex, 949 
Velocity vector function, 493 
Verhulst. Pierre Francois, 89 
Vertical component of a vector, 332 
Vibrating cantilever beam, 750 
Vibrating string, 722 
Vibrations, spring/mass systems, 157, 

202-203 
Virga, 30 
Viscosity, 212 
Viscous damping, 24 

Voltage drops, 23 
Volterra, Vito, 663 
Volterra integral equation, 249 
Volterra's principle, 667 
Volume of a parallelepiped, 350 
Volume under a surface: 

using double integrals, 542 
using triple integrals, 573 

Von Helmholtz, Hermann Ludwig 
Ferdinand, 772 

Von Mises, Richard, 445 
Von Seidel, Philipp Ludwig, 818 
Vortex, 953 
Vortex point, 651 

w 
Waler clock. I 06--107 
Wave equation: 
derivation of the one-dimensional 

· equation, 722 
difference equation n:placemeru for. 825 
one-dimensional, 720-721, 724, 825 
in polar coordipates. 762 
solution of, 728-729 
two-dimensional. 75 I 
varia1ion of, 724 

Weigh! function: 
of a linear system. 258 
orthogonality with respect to, 684 

Weighted avernge. 311 
Wire hanging under its own weight. 

24-25, 196 
Words: 
definition of. 470 
encoding. 470 

Work: 
done by a constant fon:e. 343 
done by a variable force, 528 
as a dot product, 343 
as a line integrnl, 52S 

Wronski, J6zef Maria Hoene-, 116 

Wronskian: ] 
for a set of functions, 115 $ 
for a set of solutions of a b1Jm,,g~n<'<'ll'i { 

linear DE, I 16. 141 
for a set of solutions of a homogeneous 

linear system, 604 
Wronskian determinant, I 15. 604 

X ., s. 3space. 335 x-coordinate of a point n -s4 ass ··> 
ay-plane, 335 
.t:-planc, 335 

y 
Yaw, 382-383 
y-coordinate of a point in 3-space, 335 
Young's modulus, 174 
y;-plane, 335 
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z 
-axis in space, 334-335 
z-coordinate of a point in 3-space, 335 
Zero, simple, 907 
Zero-input response, 230 
Zero matrix, 379 
Zero of order (multiplicity) n, 907 

Zero-state response, 230 
Zero vector, 331, 362 
Zero vector space, 360 
Zeros: 

of Bessel functions, 295 
of complex cosine and sine, 857- 858 

of complex hyperbolic cosine and 
sine, 859 

Zhukovsky, Nicolai Ycgorovich, 926 
-plane, 833 
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